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Abstract

Two main tasks in the �eld of volumetric image processing are acquisition and visualization of 3D

data. The main challenge is to reduce processing costs, while maintaining high accuracy. To achieve

these goals for volume rendering (visualization), we demonstrate that non-separable box splines for

body-centered cubic (BCC) lattices can be adapted to fast evaluation on graphics hardware. Thus,

the BCC lattice can be used for interactive volume rendering leading to better image quality than

comparable methods. Leveraging this result, we study volumetric reconstruction methods based on

the Expectation Maximization (EM) algorithm. We show the equivalence of the standard imple-

mentation of the EM-based reconstruction with an implementation based on hardware-accelerated

volume rendering for nearest-neighbor interpolation to achieve fast reconstruction times. Accuracy

is improved by adapting the EM algorithm for the BCC lattice, leading to superior accuracy, more

compact data representation, and better noise reduction compared to the Cartesian one.

Keywords: volume rendering; volume reconstruction; tomographic reconstruction; Cartesian Cubic

(CC) lattice; Body-Centered Cubic (BCC) lattice; graphics processing unit (GPU)

Subject terms: image processing; visualization data processing; computer graphics; computed

tomography
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Chapter 1

Motivation

1.1 Acquisition and Visualization of Three-Dimensional Data

Many branches of science require the visualization of three-dimensionalphenomena. Examples

for such phenomena are architectural, meteorological, medical, or biological systems. Often, these

phenomena cannot be studied in reality and therefore computers are employed. They are used to

create numerical representations (or datasets) of these systems which are then visualized as images

with the help of computer graphics methods.

Sources for these numerical representations may be the output of simulations (e.g. �uid �ow

or molecular dynamics) or empirical data such as recordings from geological or meteorological

instruments. Biological and particular medical data are often acquired in a different way: Here,

often microscopes or scanning devices are used to obtain images of biological tissue, specimen or

organisms. Examples are electron microscopy, radiography, Magnetic Resonance Imaging (MRI),

ultrasound or Computed Tomography (CT). In this thesis, we will focus on the latter. In particular,

we will focus on acquisition and visualization of three-dimensional CT data.

3D CT provides a way to reconstruct volumetric data from a set of 2D projections of the 3D

object acquired at various projection angles. To acquire a CT dataset, a3D object (e.g. a patient's

body) is scanned with a CT scanner, which results in a large series of two-dimensional X-ray images

taken by a camera rotating around the body in a helix-like movement. These 2D pictures are then

used to reconstruct the 3D volume representing a digital copy of the 3D object.

The output of this process is a numerical representation of the 3D object. Speci�cally, the data is

stored in a 3D lattice. Such a lattice consists of discrete scalar samples (or voxels) which are usually

arranged in a regular pattern.

1



CHAPTER 1. MOTIVATION 2

After acquisition is completed, visualization allows the exploration, analysis, andunderstanding

of the data. In our example, a medical doctor will examine the digital copy of thepatient. To display

volumetric data, volume visualization methods are used. The 3D data is displayedvia various tech-

niques on a 2D screen and can then be viewed by the user. In our scenario, the medical doctor would

explore the 3D CT scan of the patient on a computer screen and examine it. These visualization

techniques include simple slice-by-slice examination or more complex techniquessuch as volume

rendering in order to obtain an image that maintains the 3D nature of the 3D dataset (e.g. depth

information).

All processes dealing with three-dimensional data have a common problem to solve: Storage and

processing of 3D data is expensive; i.e., due to the high memory consumption of 3D data, methods

such as CT or visualization are computationally very complex and are therefore one of the main

challenges for scientists working in the �eld of 3D data visualization. Numerical representations are

required to be as accurate as possible, which could be achieved by increasing the resolution of the

3D dataset. This, of course, would increase storage and computational costs. On the other hand,

we would like to acquire the 3D dataset as fast as possible, and provide visualization tools to the

user such that exploration and analysis of the underlying phenomenon is fast, easy, and intuitive.

This could be achieved by decreasing the resolution of the numerical representation at the cost of a

decrease in accuracy.

This thesis proposes a solution for this problem: We present a method for CTthat is a) fast

and b) accurate. As a by-product, visualization techniques for three-dimensional datasets bene�t

from our new method. In particular, we provide a method for volume visualization to increase the

accuracy of the images while keeping processing costs low.

To tackle the problem of high processing time, we use the graphics processing unit (GPU) for

CT. The GPU is a special processing unit mounted on graphics cards mainlyused to accelerate and

enhance the graphical appearance of computer games. Relative to their computational abilities, they

are cheap and easy to use and are therefore an attractive alternative toexpensive and dif�cult to

operate high-performance computers or clusters. Using the GPU, we areable to process datasets in

CT at a high resolution while keeping processing time as low as possible.

In order to solve the problem of accuracy, we make use of a different storage scheme, the body-

centered cubic (BCC) lattice, which has favorable properties compared tothe widly-used Cartesian

cubic (CC) lattice. The BCC lattice is able to store the same amount of information withfewer

samples compared to the CC lattice.
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1.2 Decreasing Processing Time Using GPU Techniques

In order to utilize the GPU, we will employ volume rendering techniques that have been extensively

studied [19]. In particular, we will focus onvolume ray casting[31, 45] that can easily be imple-

mented using the GPU. Volume ray casting renders a 2D projection of a 3D dataset. The key idea is

to set up a camera pointing in the direction of the 3D dataset and casting one ray per pixel into the

volume. Samples taken along the ray are composed and contribute to the �nal intensity of the pixel,

which is then displayed to the user on a display device. The 2D example in Figure 1.1 demonstrates

this principle. As we will see, this technique is not only used to visualize 3D data, but is also em-

ployed in the process of CT. Since this algorithm can easily be implemented on theGPU, leading to

a considerably faster processing, CT algorithms bene�t as well.

Figure 1.1: Rays (green) are cast from the camera (viewpoint) into the scene. Rays that intersect the
volume will contribute to the image.

It should be mentioned that a similar method (texture slicing [5]) implements the same idea of

casting rays through a volume. Texture slicing is also well adapted to the GPU.For our purposes,

both methods can be used interchangeably, and therefore we will use the term volume rendering

whenever we refer to either of the two methods.
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1.3 Increasing Accuracy by Using the BCC Lattice

The second goal is to increase accuracy. By using a special type of lattice (in other words, storage

scheme) to store 3D data we can considerably reduce memory consumption and still maintain a

suf�cient level of accuracy compared to traditional storage schemes. This quality will be useful for

data acquisition and visualization.

Volumetric data are most often represented on CC lattices where samples are taken on an orthog-

onal grid, usually with equal spacing in all dimensions. These lattices are easy to use since indexing,

interpolation, and representation can be done conveniently in a separableway; i.e., dimension by

dimension. Despite their common use for volumetric data, it has been known fora while that CC

lattices are not the optimal [43]. For example, assuming a signal with a radially symmetric power

spectrum, the best periodic lattice corresponds to the one with the best sphere-packing property in

the frequency domain. In three dimensions, the face-centered cubic (FCC) lattice is a lattice which

exhibits the best sphere-packing property. The FCC lattice is constructedby taking a CC lattice and

adding an additional sample to the center of each face of the cubes that form the CC lattice. The

dual lattice of the FCC lattice is the BCC lattice.

According to the Fourier scaling property, a sparse grid spacing in one domain yields a dense

spacing in the dual domain. Thus, if one can pack the replicated frequency spectra in the Fourier

domain as close as possible, the sparsest grid spacing in spatial domain will be obtained without

any (pre-)aliasing. Therefore, using a BCC lattice instead of a CC lattice can reduce the number of

samples by 29% without any loss of information. This directly translates into a reduction of storage

and computational costs. As seen in Figure 1.2, a BCC lattice consists of a regular CC lattice with

an additional point placed in the center of each cube that forms the CC lattice.

1.4 Contributions

We describe in Section 1.4.1 how GPU-based volume rendering techniques can bene�t from the

optimal sampling properties of the BCC lattice: Hardware-accelerated volume rendering using the

BCC lattice combines accuracy and performance in a favorable way.

With this result, we describe in Section 1.4.2 how a correct hardware-based CT implementation

via volume rendering can substantially reduce the processing time using the GPU, and that an im-

plementation using BCC lattices increases accuracy compared to traditional methods based on CC

lattices.
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(a) CC lattice (b) BCC lattice

Figure 1.2: (a) A CC lattice and (b) a BCC lattice.

1.4.1 Hardware-Accelerated Reconstruction on BCC Lattices

Volume rendering can be seen as the process of reconstructing a continuous phenomenon from

discrete samples that involes the use of a reconstruction kernel (�lter), where the discrete samples

are convolved with the continuous reconstruction kernel to reconstructan arbitrary point.

Although the optimality of the BCC lattice has been known for a long time, appropriate kernels

for 3D volume rendering that 1) guarantee approximation order; 2) are easy to use; 3) are numer-

ically stable; and 4) allow an ef�cient implementation, have only been proposed recently. Earlier

practical methods [16, 53] have worked only with separate CC-kernels for the two interleaved CC

lattices that constitute the BCC lattice. This allowed for a simple hardware implementation, but

treating the BCC structure using separate CC-kernels has the disadvantage that the neighborhood

information of the BCC data is lost. Entezariet al. [21, 24] have introduced a class of �lter kernels

(box splines) specially designed for the geometry of the BCC lattice. These box splines possess

attractive theoretical properties for reconstruction of data on the BCC lattice.

The contributions of our work on box spline reconstruction are:

� We present an ef�cient algorithm for convolution of BCC-sampled data withthe linear (C0)

and quintic (C2) box splines. Speci�cally, Entezariet al.[24] characterize the box spline basis

functions; here we demonstrate how to ef�ciently implement the convolution of BCC data

with these box splines. Our method evaluates the reconstructed spline function in the so-called

piecewise polynomial (i.e., pp-) form. Our quintic polynomials are represented in power form

which bene�t from a (partial) factorization into quadratic and cubic polynomials. The pp-form
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allows for the fastest evaluation scheme at arbitrary points which is neededfor a ray casting

volume rendering algorithm. The optimized pp-form evaluation presented in Chapter 4 allows

us to achieve competitive interactive frame rates for volume rendering, utilizing the GPU.

� We compare the box splines to the traditional CC B-splines and to pre�ltered BCC B-splines

[16] in order to determine which provides the better quality considering the implementation

penalty. To ensure fairness in quality comparisons, we employ the generalized interpolation

of Blu et al. [2], which is commonly employed (see [10, 11, 15, 16]) as a pre�ltering for re-

construction. We assert the better image quality of pre�ltering for all methods, but also that

quintic box splines indeed show the best reconstruction quality with and without pre�lter-

ing. Under current hardware implementations using dedicated circuitry forCC lattices, the

separation of the BCC lattices into two CC lattices is still faster.

In Section 6.1, we verify our results using synthetic and real data which illustrate the theoretical

and practical advantages of the BCC lattice in combination with box splines. We also demonstrate

that the pre�ltering solution for the quintic box spline allows interactive high-quality volume ren-

dering of the BCC lattice.

1.4.2 Computed Tomography

The contributions mentioned in Section 1.4.1 can also be used to accelerate CT algorithms. There

exist various methods for CT reconstruction. In this thesis, we will focus on the Maximum Like-

lihood Expectation Maximization (EM) algorithm, which is a widely used CT method for image

reconstruction in emission tomography (ET). The EM algorithm is an iterative method that consists

of three steps in each iteration: forward projection, correction, and back-projection. The forward

projection can be conveniently implemented as volume rendering enabling an implementation of the

EM algorithm on commodity graphics hardware that delivers very high performance at low hardware

costs [9,57].

As mentioned earlier, volume rendering usually seeks to reconstruct a continuous-domain repre-

sentation from discrete samples stored on a regular lattice. Reconstruction isachieved by convolving

the discrete samples with a continuous reconstruction kernel. Obviously, thequality of the recon-

struction depends on the chosen reconstruction kernel. In general, higher-order kernels that use a

larger neighborhood (i.e., more samples) deliver better quality results than kernels that take only a

small neighborhood into account. This intuitive fact is usually adapted by using trilinear or tricu-

bic reconstruction kernels when implementing the forward projection in the EM algorithm within a
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hardware-accelerated volume rendering framework [9].

In Chapter 5, we will show that a volume rendering implementation of the EM algorithm is

correct if and only if it uses nearest-neighbor interpolation. Higher-order reconstruction kernels are

not compatible with standard EM.

We substantiate this result empirically with several tests in Section 6.2 demonstrating that nearest-

neighbor interpolation achieves most accurate results compared to higher-order reconstruction ker-

nels.

To accelerate the algorithm, we implement the EM algorithm using commodity graphicshard-

ware. Since the EM algorithm is not bound to a speci�c lattice, we extend the implementation to the

BCC lattice. This enables reconstruction of volumetric data directly on a BCC lattice without the

need to change acquisition devices. We therefore pave the way to a more wide-spread production

of data sampled on the BCC lattice. More detail can be captured in a BCC lattice compared to a

CC lattice of the same size. This advantage can now be leveraged if data acquisition is performed

directly on the BCC lattice, and the intermediate step of resampling a denser CC lattice is omitted.

The three major contributions of our work on CT are as follows:

� First, we implement the EM algorithm using volume rendering and show in Chapter5 that the

traditional discrete representation of the EM algorithm is replaced by a continuous-domain

one using a volume rendering framework. We show that this requires the use of nearest-

neighbor interpolation.

� Second, in Section 6.2 we show that volumetric data reconstructed on a BCC lattice deliver

higher accuracy and better noise reduction compared to the CC lattice.

� Third, our GPU implementation is two orders of magnitude faster than a reference CPU imple-

mentation: large volumes with approximately 130 million samples are reconstructed within

less than an hour compared to several days.

We demonstrate the feasibility of our method using an analytical phantom and a real-world

dataset; i.e., we use the 3D version of the well known Shepp-Logan (SL) phantom [49] and we derive

analytical expressions for the ideal 2D projection data. Furthermore, weemploy data from a new

modality where projections of a mouse embryo were acquired using optical projection tomography

(OPT). The advantage of OPT is that the projections have a very high spatial resolution, can support

different wavelengths (i.e., color), and play a crucial role in gene-expression analysis [47].



Chapter 2

Related Work

2.1 GPU Techniques for Volume Rendering

Using graphics hardware is the standard approach to achieve real-time rendering of volumetric data

on CC lattices. Methods can be split into two classes: slice-based approaches [5] that sample a 3D

texture using polygons that intersect the volume, and ray casting [31,45]where rays are cast through

a volume that is sampled at several points along the way. Whereas the �rst approach is well adjusted

to the graphics pipeline, ray casting offers a more �exible framework. Another approach to volume

rendering is splatting [55, 56] that has also been ported to the GPU [8]. Inthis thesis, however,

we will not focus on this method. An excellent and comprehensive overview of GPU-accelerated

volume rendering can be found in the book of Engelet al. [19].

2.2 Reconstruction on the BCC Lattice

CC-sampled data has traditionally been the main focus of research in visualization. The common

practice is to extend the univariate reconstruction algorithms to the trivariate setting by a tensor-

product approach [6, 18, 39, 41]. Marschner and Lobb [34] developed a framework for evaluation

of these commonly used techniques for reconstruction. In contrast to tensor-product reconstruction,

Rösslet al. [44] proposed so-called super splines as a local interpolation model forCC-sampled

data; they subdivided each cube into 24 tetrahedra and �t a quadratic polynomial for each tetrahe-

dron. This domain partition and the polynomial degree allows for aC1 reconstruction; however,

the approximation order is limited to two. Their construction allows a fast GPU-based implementa-

tion [30] that is suitable for iso-surface rendering. A non-separable box spline approach for Cartesian

8
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data reconstruction was also presented by Entezariet al. [22].

Over the past years, there has been an increased focus on optimal sampling lattices. Theußlet

al. [53] assumed samples on the BCC lattice together with a spherical extension ofreconstruction

kernels; they achieve the same quality as a CC representation with fewer samples. However, the

quality of the images rendered with this approach were rather unsatisfying since the images were

blurry. Since then, several more appropriate kernels have been suggested: box splines [21, 24], a

pre�ltering operator followed by a Gaussian �lter [12], and BCC-splines[13,23].

The implementation of the box splines [21] turned out to be inef�cient and numerically instable

due to the implicit recursive representation of the box spline. The Gaussiankernel approach does not

guarantee approximation order [12] and disregards the geometry of the neighborhood information

of BCC lattice points. Recently, BCC-splines [13,23] have been proposed as a generalization of 2D

hex-splines [54]. However, their constituting polynomial patches have not (yet) been characterized

analytically and therefore their application remains limited. These methods lack a GPU implemen-

tation and are therefore not able to render non-trivial data in real-time. Inrecent work, Entezari

et al. [24] derived an explicit polynomial representation of their proposed box splines which can

be used to ef�ciently evaluateC0 andC2 �lter kernels for the BCC lattice. Due to fewer samples

needed compared to the CC lattice (4 instead of 8 and 32 instead of 64 samples for C0 andC2 �lter-

ing, respectively) a speedup of a factor of two was achieved. While theirapproach allowed ef�cient

evaluation of the box spline kernels, it did not offer insights on how to convolve the BCC-sampled

data with these box splines, which is a main contribution of this thesis. Their workdid not in-

clude a GPU implementation and therefore the frame rates were non-interactive. Further on, proper

pre�ltering for box splines and its (ef�cient) implementation has not been considered.

Mattausch [36] was the �rst to use BCC lattices in real-time volume rendering employing com-

modity graphics hardware. However, this approach led to ambiguous results; e.g., the suggested

sheared trilinear interpolation resulted in view-dependent artifacts. Csébfalvi et al. [16] introduced

pre�ltered B-spline reconstruction that is theoretically unstable since the separable B-spline �lter

kernel is not suited for the BCC lattice. In detail, separable B-splines do not form a Riesz basis on

the BCC lattice causing ambiguity in the representation; i.e, several sets of coef�cients can represent

the same signal. Moreover, separation of BCC lattices into two CC lattices disregards the topology

of the BCC lattice and will cause aliasing artifacts unless the dataset is sampled at unnecessarily

high resolutions. Nevertheless, they presented appealing visual resultsfor some datasets and this

method is, to our knowledge, the best existing algorithm that combines interactive frame rates and

high image quality on the BCC lattice. Therefore, we will compare our new methodto Csébfalviet
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al.'s [16] method in Section 6.2.

The superior visual quality of BCC lattices in volume rendering has also beenshown by Meng

et al. [37]. They con�rmed that the theoretical bound of requiring 30% fewersamples compared to

a CC lattice also results in no loss of visual quality.

2.3 Computed Tomography

Algorithms used for CT reconstruction can be split into two categories: analytical and iterative

reconstruction methods. Analytical methods invert the Radon transform [17] in a single step and

include back-projection methods such as Filtered Back Projection (FBP) [17, 25]. They only work

reliably if the noise is limited; e.g., for transmission tomography. Iterative methods, on the other

hand, optimize a criterion to reconstruct the volume; e.g., the Algebraic Reconstruction Technique

(ART) [28] or the EM algorithm [50] alternate between forward and back-projections. Iterative

procedures are computationally expensive, but the criterion can be chosen to improve robustness in

the presence of noise [33], which is clearly the case for emission tomography (ET).

There are several CT methods that have been successfully ported to theGPU to improve recon-

struction times [9, 59]. However, all these methods work on the standard CClattice and/or suffer

from the poor resolution of 8 bits of the earlier GPU's framebuffer. An excellent overview can be

found in Sitek's tutorial [52] and in Xu's thesis [57]. None of these methods have investigated the

in�uence of different �lter kernels (and mostly used linear interpolation).In contrast, we show that

highest quality is achieved when using a nearest-neighbor �lter.

The use of BCC lattices in tomography research is not new [35, 42]. Whereas Matejet al. [35]

used spherically-symmetric volume elements (blobs) introducing computational overhead due to the

overlap, Muelleret al. [42] employed the BCC lattice to reduce the computational costs to a factor

of 70:5% of the equivalent CC lattice. More recent work by Xuet al. [58] uses commodity graphics

hardware to accelerate the FBP algorithm using BCC lattices. As mentioned above, this method

is not reliable when reconstructing from noisy projections. Iterative methods that can deal better

with noise often require a forward projection step in every iteration. Forward projection, however,

involves rendering of a volume; i.e., it involves reconstruction of the volume on the underlying

lattice with a kernel.

Since we use the EM algorithm, which is an iterative method, in a rendering framework, the

forward projection is basically achieved via volume rendering; i.e., a reconstruction kernel has to

be employed. We choose box splines since they guarantee approximation order and are numerically
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stable. On the CC side we employ the commonly used B-splines.

Due to the relatively high resolution of optical projection tomography (OPT) data, only analyti-

cal CT algorithms such as FBP have been employed by Sharpe [47]. These results are still noisy and,

as mentioned earlier, iterative methods are more robust in the presence of noise and can therefore

achieve better results.



Chapter 3

BCC Lattice

3.1 De�nition

A lattice is de�ned as an in�nite array of points arranged in a regular pattern where every point has

the same neighborhood [4].

We de�ne the CC lattice as all points(x1; : : : ;xd)T 2 Zd whered is a positive integer. The result

is an orthogonal grid. Examples ford = 1, d = 2, andd = 3 are displayed in Figure 3.1.

Now we can de�ne the BCC lattice as a sub-lattice of the CC lattice where only points(x;y;z)T 2

Z3 belong to the lattice for whichx, y, andz are all even or all odd. Unlike the CC lattice, which

exists for arbitrary dimensionsd > 0, the BCC lattice is restricted to three dimensions. The BCC

lattice's points can be generated by integer linear combinations of the columns of the sampling

(a) d=1 (b) d=2 (c) d=3

Figure 3.1: CC lattices for the �rst three dimensions.

12
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matrix:

MBCC =

2

6
6
4

1 1 � 1

1 � 1 1

� 1 1 1

3

7
7
5 : (3.1)

Note that this de�nition of the BCC lattice has a density of 1=4 compared to the CC lattice. However,

in order to have the same number of samples in the unit cube (i.e., to normalize the lattice) we scale

the three axes of the BCC lattice by a factor of 1= 3
p

4 (i.e., we shrink it). A scaling of 1= 3
p

4 translates

into a multiplication of the �lter by 4.

We de�ne p 2 R3 to be in CC coordinates, which means that the axes of the frame are the

canonical vectors(1;0;0)T , (0;1;0)T , and(0;0;1)T . In other words, the sampling matrix of the 3D

CC lattice is the identity matrix:

MCC = M� 1
CC =

2

6
6
4

1 0 0

0 1 0

0 0 1

3

7
7
5 : (3.2)

Furthermore, we de�nep0= M� 1
BCCp as the corresponding point inBCC coordinates; i.e., p is ex-

pressed with the basis vectors of Equation 3.1, where

M� 1
BCC =

1
2

2

6
6
4

1 1 0

1 0 1

0 1 1

3

7
7
5 : (3.3)

3.2 Representation

Our goal is to convolve discrete samples of a lattice with a continuous reconstruction kernel. There-

fore, we need a fast access scheme to address and look up the neighbors that fall into the support of

the reconstruction kernel. Letp 2 R3 be an arbitrary point to be reconstructed and let(x;y;z)T 2 Z3

be the lattice's points which are stored in memory in a 3D array with index(i; j;k)T 2 N3. For the

CC lattice, without loss of generality, we now assume that all lattice points(x;y;z)T are non-negative

integers; i.e.,(x;y;z)T 2 N3. Then, a CC lattice can be stored very conveniently as a 3D array where

the index(i; j;k)T of a point(x;y;z)T on the lattice is equal to its position inN3; i.e., for all points

(x;y;z)T of the CC lattice we have(x;y;z)T = ( i; j;k)T since the sampling matrixMCC of the CC

lattice is the identity matrix. This results in a very fast addressing scheme for CClattices. Figure 3.2

depicts a simple 2D example of a 2D CC lattice and the support of a reconstruction kernel with a

squared support of size 2� 2.
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P3

P2

P4

P1

p

3210
0

1

2

3

x

y

Figure 3.2: The pointp (green) has to be reconstructed from the pointsP1;P2;P3;P4 falling into the
2� 2 support of the reconstruction kernel (blue). Since the CC lattice points coincide with their
indices (e.g.,P1 = ( 1;1)T will have the address(1;1) in the 2D array), memory access is easy.

For a BCC lattice this equality does not hold because according to the sampling matrix MBCC

points are distributed differently. Thus, we have to �nd a conversion from a BCC point(x;y;z)T to

its index(i; j;k)T in order to address samples in memory.

As seen in Section 3.1, only points with solely even or solely odd coordinates belong to a BCC

lattice. In order to represent and address a BCC lattice point in a 3D array(i.e., in memory) another

view comes in handy:

A BCC lattice can be seen as two interleaved CC lattices where the samples of the second lattice

are shifted to the center of the cubes in the �rst lattice (see blue and red latticein Figure 3.3 (a)).

A BCC lattice point(x;y;z)T has either only even valuesx, y, andz, or they are all odd. By storing

the BCC lattice in a 3D array and using the following mapping, a fast conversion of a BCC point

(x;y;z)T to its index(i; j;k)T in the 3D array is achieved by

i = x� 2

j = y� 2

k = z

(3.4)

where� corresponds to integer division. Being able to store the two interleaved CC lattices as one
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(a) (b) (c)

Figure 3.3: (a): A BCC lattice is built from two CC lattices (red and blue). (b):2D scheme of the
BCC lattice. Every odd (blue) row (i.e., slice in 3D) is shifted to the center of theeven (red) CC
lattice. (c) shows the corresponding memory layout when using the mapping presented in Equa-
tion 3.4. c
 Eurographics Association 2009; Reproduced by kind permission of the Eurographics
Association [26].

3D array, it can be loaded as a 3D texture into GPU memory. Figure 3.3 (b) and (c) demonstrate

this principle.

We use this representation of the BCC lattice in Chapters 4 and 5 to implement our methods.

Another way of storing a BCC lattice in memory would be to store the two CC lattices separately.

However, points that are neighbors in the BCC lattice would be distributed in thetwo CC lattices at

very different physical addresses resulting in more expensive memoryaccess.



Chapter 4

Fast Box Spline Evaluation

4.1 Box Splines

Box splines are – similar to B-splines – polynomial functions that can be used as reconstruction �l-

ters. A special family of box splines (the linear and quintic box spline in particular) has been derived

by Entezariet al. [21, 24] in their analytical form. These box splines are speci�cally tailoredto the

BCC lattice, which make them an excellent choice as reconstruction kernels for volume rendering

of volumes stored in a BCC lattice.

First, we provide an explicit representation of the box spline which can be described in pseu-

docode as follows [24]:

1 f u n c t i o n bsp ( x , y , z )

2 % Transform the point to tetrahedron

3 x = abs ( x ) ; y = abs ( y ) ; z = abs ( z ) ;

4 s o r t x , y , z in decreasing order by swapping

5 i f ( l i n e a r b o x s p l i n e ) %linear box spline

6 i f ( ( x+y ) >2)

7 r e t u r n 0 ;

8 r e t u r n (2� (x+y ) ) / 2 ;

9 e l s e % quintic box spline

10 i f ( ( x+y ) >4)

11 r e t u r n 0 ;

12 i f ( ( x+y ) <2)

16
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13 r e t u r n R1(x , y , z) ;

14 e l s e i f ( ( x+z ) <2)

15 r e t u r n R2(x , y , z) ;

16 e l s e i f ( ( y+z ) <2)

17 i f ( ( x� z ) >2)

18 r e t u r n R3A(x , y , z) ;

19 e l s e

20 r e t u r n R3B(x , y , z) ;

21 e l s e

22 r e t u r n R4(x , y , z) ;

23 end

wherex, y, andz are real numbers andbsp makes use of the following box spline polynomials,

R1(x;y;z) =

m(x+ y� 4)3(� 3xy� 5z2 + 2x+ 2y+ 20z+ x2 + y2 � 24)

+ n(x+ z� 2)3(x2 � 9x� 3xz+ 10y� 5y2 + 14+ 11z+ z2)

+ n(y+ z� 2)3(46� 30x� z� y+ 3zy+ 5x2 � y2 � z2)

� h (x+ y� 2)3(x2 + x� 3xy� 5z2 + y2 + y� 6);

(4.1)

R2(x;y;z) =

m(x+ y� 4)3(� 3xy� 5z2 + 2x+ 2y+ 20z+ x2 + y2 � 24)

� n(x+ z� 2)3(� z2 � 11z+ 3xz� 14+ 5y2 + 9x� 10y� x2)

� n(y+ z� 2)3(� 46+ z+ 30x+ y� 3zy� 5x2 + y2 + z2);

(4.2)

R3A(x;y;z) =

m(x+ y� 4)3(� x2 + 8x+ 3xy� y2 + 5z2 � 16� 12y); (4.3)

R3B(x;y;z) =

m(x+ y� 4)3(� 3xy� 5z2 + 2x+ 2y+ 20z+ x2 + y2 � 24)

� n(y+ z� 2)3(30x+ z� 46� 3yz+ y� 5x2 + y2 + z2);
(4.4)

andR4(x;y;z) =

m(x+ y� 4)3(� 3xy� 5z2 + 2x+ 2y+ 20z+ x2 + y2 � 24) (4.5)
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with constantsm= 1=960,n = 1=480 andh = 1=240. We point the interested reader to Entezariet

al. [24] for the complete derivation of this box spline.

Following the de�nition of the BCC lattice in Chapter 3, we denote the four directions of the

box spline [3] as

X = [ x1;x2;x3;x4] =

2

6
6
4

1 1 � 1 � 1

1 � 1 1 � 1

� 1 1 1 � 1

3

7
7
5 : (4.6)

Note thatMBCC = [ x1;x2;x3].

Entezariet al.[24] derived the polynomial pieces inB-formfor the linear and quintic box splines

leading toC0 andC2 reconstructions, respectively. However, they did not present an ef�cient evalua-

tion of the resulting spline in piecewise polynomial form (i.e.,pp-form), which is crucial for practical

applications. The B-form describes a function as a weighted sum of splines; i.e., for every neighbor

the spline gets evaluated independently and its contributions are summed up. The pp-form describes

a function in terms of its local polynomial coef�cients, which is easier and faster to evaluate than a

spline in B-form. Also, Entezariet al. [24] did not focus on an optimized implementation using the

GPU, and therefore their method is not able to achieve interactive frame rates.

In the following, we show how to calculate the semi-discrete convolution in an ef�cient way

using the GPU, aiming at interactive frame rates; i.e., we illustrate how to �nd andweight the

neighbors that are needed for the convolution sum.

The time-consuming part of the convolution is �nding the contributions of the 4 (linear box

spline) and 32 (quintic box spline) neighbors that are required for evaluating the box spline at these

positions. First, we describe how to �nd these neighbors; second, how toevaluate the box spline

symbolically, sum the resulting polynomials into a single polynomial, and evaluate that polynomial

(the pp-form) at runtimewithouthaving to perform a full kernel evaluation for every point.

In order to reconstruct a splinef at an arbitrary pointp 2 R3 using its box spline representation,

n neighborsP1:::n 2 R3 have to be found and each neighbor has to be weighted withbsp . The

support of the linear box spline is a rhombic dodecahedron that containsn = 4 points. The support

of the quintic box spline is a larger rhombic dodecahedron since its direction vectors have been

multiplied by 2; i.e.,n = 32 neighbors have to be found and weighted [24]. Therefore,bsp is called

n times and the results are summed up:

f (p) =
n

å
i= 1

bsp(Pi � p)Di (4.7)

where we de�neDi as the sample value on the BCC lattice at positionPi .
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Figure 4.1: The Voronoi cell of the BCC lattice is a truncated octahedron (red) and is therefore the
support of the nearest-neighbor reconstruction kernel.

Equation 4.7 shows the box spline in B-form. Obviously, using this representation results inn

independent calls tobsp making it a very expensive operation on the GPU due to excessive branch-

ing. Therefore, it has to be transformed to a more ef�cient representation for practical applications.

First, we show how nearest-neighbor interpolation is implemented. We also show how Equa-

tion 4.7 can be transformed to pp-form which will be faster to evaluate. In particular, then sort

operations in Line 4 will be reduced to one.

4.1.1 Nearest-Neighbor Interpolation

Nearest-neighbor interpolation for the BCC lattice is implemented as follows: Finding the nearest

neighbor of a pointp in a BCC lattice is achieved by �nding the two points that represent the nearest

neighbors ofp in the two CC lattices that form the BCC lattice. Having found these two points, one

chooses the point with the smallest distance top. The support of this reconstruction kernel is the

BCC lattice's Voronoi cell; i.e., a truncated octahedron (see Figure 4.1).
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4.1.2 Linear Box Spline

Let p 2 R3 be the location where the splinef is interpolated. The support of the linear box spline

is a rhombic dodecahedron. Four pointsP1:::4 2 Z3 fall into the support and form a tetrahedron [24].

Figure 4.2 (a) shows one possible con�guration; i.e., the red pointp is surrounded by the red rhombic

dodecahedron but also lies inside the green tetrahedron. We indicate the vertices of the tetrahedron

by P1:::4 2 Z3. There are six possible tetrahedra in the BCC lattice which are shown in Figure 4.2

(b). Since there are exactly six cases when sorting three numbers, the orientation of the tetrahedron

is determined by the sort operation inbsp in Line 4.

(a) (b)

Figure 4.2: (a) The rhombic dodecahedron (red) is the support of the linear box spline. Four points
(green) fall into the support. These four points always form a tetrahedron. (b) There are six possible
orientations for a tetrahedron in the BCC lattice.

To determine the orientation of the tetrahedron we use the inverse of the matrix inEquation 3.1

and transformp into BCC coordinates:p0= M� 1
BCCp. We are interested in the fractional part ofp0:

(a ;b ;g)T = p0� b p0c 2 [0;1)3; i.e., we center our coordinate system aroundbp0c, which is the �rst

of the four neighbors; i.e.,P1 = MBCCbp0c. Starting from this point we have to add or substract the

vectorsxi which correspond to the four directions of the box spline. The second neighbor is found

immediately: P2 = P1 � x4 = P1 + ( 1;1;1)T . The remaining two pointsP3;4 are found by adding

vectorxi to P1, and substracting vectorx j from P2.

Now (a ;b ;g)T are the coordinates ofp in the BCC coordinate system centered aroundbp0c.

The order of these three values is used to determine the tetrahedron that enclosesp, together with
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its orientation.

Starting at pointP1 we can determineP3 by adding a box spline vectorxi to P1 that is determined

by maxf a ;b ;gg:

P3 = P1 +

8
>><

>>:

(1;1; � 1)T = x1 if maxf a ;b ;gg = a

(1; � 1;1)T = x2 if maxf a ;b ;gg = b

(� 1;1;1)T = x3 if maxf a ;b ;gg = g

:

Finally, we determineP4 by substracting another box spline vectorx j from P2 that is determined by

minf a ;b ;gg:

P4 = P2 �

8
>><

>>:

(1;1; � 1)T = x1 if minf a ;b ;gg = a

(1; � 1;1)T = x2 if minf a ;b ;gg = b

(� 1;1;1)T = x3 if minf a ;b ;gg = g

:

Figure 4.3: The pointp (green) is inside the tetrahedronP1:::4. P3 andP4 are determined according
to the order of(a ;b ;g)T (dotted lines).

An example is presented in Figure 4.3:p is the green point and the tetrahedronP1:::4 is shown in

red. The black axesX, Y, andZ denote the canonical axes and the blue axesx1:::3 are the axes of the
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BCC lattice as de�ned in Equation 3.1. LetP1 = ( 0;0;0)T , P2 = ( 1;1;1)T , andp = ( 1;1=2;1=5)T

(grey lines) and therefore(a ;b ;g)T = ( 3=4;3=5;7=20)T (dotted lines). We havea > b > g and

thereforeP3 is determined by addingx1 to P1: P3 = P1 + x1 = ( 1;1; � 1)T . P4 is calculated by

substractingx3 from P2: P4 = P2 � x3 = ( 2;0;0)T . In general, different vectorsxi are picked to be

added and substracted depending on the order of(a ;b ;g)T .

By determining the tetrahedron in this way the sort operation in Line 4 ofbsp has to be per-

fomed only once in advance and we can transform Equation 4.7 into

f (p) = D1 + a(D3 � D1) + b(D4 � D3) + c(D2 � D4) (4.8)

(wherea = maxf a ;b ;gg, b = midf a ;b ;gg andc = minf a ;b ;gg), which is faster than evaluating

the box spline four times. Equation 4.8 is in pp-form where we only need to perform the sort

operation once. Conveniently, Equation 4.8 is also equivalent to barycentric interpolation of the

tetrahedron's points.

To see this, we assume without loss of generality thatp = ( x;y;z)T 2 [0;1)3 and x > y > z

(the other �ve cases work analogously). Therefore,p0= ( a ;b ;g)T = M� 1
BCC(x;y;z)T = 1

2(x+ y;x+

z;y+ z)T , and thusa > b > g. Consequently, it follows thatP1 = ( 0;0;0)T , P2 = ( 1;1;1)T , P3 =

(1;1; � 1)T , andP4 = ( 2;0;0)T . Plugging this into Equation 4.7, we obtain

f (p) = f ((x;y;z)T) =
4

å
i= 1

bsp(Pi � p)Di

= bsp(P1 � (x;y;z)T)D1 + bsp(P2 � (x;y;z)T)D2

+ bsp(P3 � (x;y;z)T)D3 + bsp(P4 � (x;y;z)T)D4

= ( 1�
1
2

(x+ y))D1 +
1
2

(y+ z)D2 +
1
2

(y� z)D3 +
1
2

(x� y)D4

= D1 +
1
2

(x+ y)(D3 � D1) +
1
2

(x+ z)(D4 � D3) +
1
2

(y+ z)(D2 � D4)

= D1 + a (D3 � D1) + b (D4 � D3) + g(D2 � D4);

(4.9)

which is equivalent to Equation 4.8.

4.1.3 Quintic Box Spline

The linear box spline is an interpolating reconstruction kernel that guaranteesC0 continuity. For

C2 continuity, the quintic box spline is employed. As in the linear case, we want to avoid calling

bsp for every point because it would result in expensive operations. In the following, we show
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how the neighborhood for the quintic box spline can be found and weightedin an ef�cient way by

transforming Equation 4.7 into pp-form to reduce the number of sort operations (Line 4 ofbsp ). As

we will see in Section 6.1, this enables us to use the high-quality quintic box splinefor interactive

volume rendering.

Figure 4.4: The samples falling into the support of the quintic box spline form four parallelepipeds.
By symbolically moving them together we obtain a rhombic dodecahedron and wecan use the
direction vectors of the box spline to determine all 32 points. Illustration adapted by permission [20].

The support of the quintic box spline is a rhombic dodecahedron where thebox spline's direction

vectorsxi are multiplied by 2. In total, 32 points of the BCC lattice fall into this rhombic dodec-

ahedron. Furthermore, the rhombic dodecahedron can be split into fourparallelepipeds [24], each

containing eight points (Figure 4.4).

The �rst task now is to �nd these 32 neighbors. This can be done by examining the four par-

allelepipedsPi j , i = 1: : :4, j = 1: : :8, separately. First, we determine the �rst four neighborsPi1,

which are exactly the same points as for the linear box spline (Section 4.1.2); i.e., P11:::41 form a

tetrahedron. These four points form theanchorsof each of the four parallelepipeds. Starting with

these four points, we can determine the diagonalqi of each parallelepiped, which is one of the four

directions of the box splinexi . Figure 4.5 shows the symbolic rhombic dodecahedron (red) indicated

in Figure 4.4 and one of the four parallelepipeds (blue). The anchor point of the blue parallelepiped

is P11 and the diagonal isP18 � P11 = ( � 1; � 1; � 1)T = x4.

To determine the four diagonalsqi we use again the order ofa , b , andg, which are com-

puted as in Section 4.1.2. Starting at the 4 anchor points we obtainqi (i = 1: : :4) as follows:
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Figure 4.5: The rhombic dodecahedron can be split into four parallelepipeds where for simplicity of
illustration only one (blue) is displayed. Using the vectors ofX we can determine all eight points in
each parallelepiped.

q1 = ( � 1; � 1; � 1)T = x4, q3 = P31 � P11. The remaining diagonals are

q2 =

8
>><

>>:

(1;1; � 1)T = x1 if minf a ;b ;gg = a

(1; � 1;1)T = x2 if minf a ;b ;gg = b

(� 1;1;1)T = x3 if minf a ;b ;gg = g

and

q4 =

8
>><

>>:

(1;1; � 1)T = x1 if midf a ;b ;gg = a

(1; � 1;1)T = x2 if midf a ;b ;gg = b

(� 1;1;1)T = x3 if midf a ;b ;gg = g

:

Once the diagonals are determined, we havePi8 = Pi1 + qi and the remaining six points of each
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parallelepiped are �xed. For each parallelepipedi the pointsPi j , i = 1: : :4, are given by

Pi2 = Pi8 � (2qix;0;0)T

Pi3 = Pi8 � (0;2qiy;0)T

Pi4 = Pi8 � (0;0;2qiz)
T

Pi5 = Pi1 + ( 2qix;0;0)T

Pi6 = Pi1 + ( 0;2qiy;0)T

Pi7 = Pi1 + ( 0;0;2qiz)
T :

Pi2 throughPi7 are the other six points that (together withPi1 andPi8) span the parallelepiped.

The last step is to weigh each of the 32 neighbors. Therefore, we exploitthe symmetries between

the four parallelepipeds of the rhombic dodecahedron (Line 3 and Line 4 of bsp ). The convolution

can be computed for one parallelepiped and the remaining three can be obtained by a symmetry

transformation into the �rst one [24].

To that aim, we have to maintain the consistency (i.e., the order) of the points in a parallelepiped

when transforming between parallelepipeds. This is necessary in order tomap the points of the other

three parallelepipeds to points of the �rst parallelepiped that is being evaluated by the exact same

polynomial ofbsp .

Preserving the correct order of the points translates into two permutationsp1 andp2 of the six

pointsPi j1
( j1 = 2: : :4) andPi j2

( j2 = 5: : :7): p1 andp2 depend on the order ofa , b , andg as these

values determine the order of the axes that are required to obtain the points of the parallelepipeds:

p1(k) =

8
>>>>>>>>>><

>>>>>>>>>>:

(2;3;4) if a > b > g

(3;2;4) if a > g > b

(4;2;3) if g > a > b

(2;4;3) if b > a > g

(3;4;2) if b > g > a

(4;3;2) if g > b > a

;

p2(k) =

8
>>>>>>>>>><

>>>>>>>>>>:

(7;6;5) if a > b > g

(6;7;5) if a > g > b

(5;7;6) if g > a > b

(7;5;6) if b > a > g

(6;5;7) if b > g > a

(5;6;7) if g > b > a

;
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wherek 2 f 1;2;3g denotes which value ofp is chosen. Having obtained all 32 neighbors in this

way, we construct the convolution sum in every parallelepipedi (whereDi j are again the values at

pointsPi j ):

fi(p) = Di1bsp(Pi1 � p)+ Di8bsp(Pi8 � p)

+
3

å
k= 1

�
Dip1(k) bsp(Pip1(k) � p)+ Dip2(k) bsp(Pip2(k) � p)

�
:

(4.10)

We can now compute the convolution sumfi(p) for one parallelepiped. By exploiting the symme-

tries of the rhombic dodecahedron we only have to transform the other three parallelepipeds into the

�rst one in order to compute the convolution sum for all 32 points. The total result is

f (p) =
4

å
i= 1

fi(p): (4.11)

Examining the 32 calls tobsp in Equation 4.11, one can see that per parallelepipedi and for every

permutationp1 andp2 the same eight branches are taken; i.e., by sortinga , b , andg once, we know

in advance which polynomials ofbsp have to be evaluated. For each parallelepiped the data points

Di j get weighted with the following polynomials (in this order):

Di1 ! R1

Di8 ! R4

Dip1(0) ! R2

Dip1(1) ! R3A

Dip1(2) ! R3B

Dip2(0) ! R3A

Dip2(1) ! R4

Dip2(2) ! R3B:

Thus, no branching is required except for the sorting ofa , b , andg. Equation 4.11 can be expanded

and is then in pp-form. This yields an ef�cient evaluation of the quintic box spline. As a summary,

GLSL functions for nearest-neighbor interpolation, as well as the linear and quintic box spline are

presented in Appendix A.

4.2 Pre�ltering

As we have seen in the previous section, the quintic box spline is a smoothing reconstruction kernel

guaranteeingC2 continuity that is not interpolating. In order to improve reconstruction quality of
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this kernel we can employgeneralized interpolation[2].

Volume rendering typically involves the (implicit) reconstruction of a continuous-domain 3D

function from a set of samples on a uniform grid. The fundamental concepts can be best explained

by the 1D case. Let us consider the samplesfk, k 2 Z, taken on a grid with spacingT, and the

reconstruction kernelh(x), x 2 R. We can express the reconstructionf̃ as a discrete/continuous

convolution

f (x) � f̃ (x) = å
k

ckh(x=T � k); (4.12)

whereck are the coef�cients to be determined by the pre�ltering step [2]. Imposing theinterpolation

condition leads to the constraint

f̃ (iT ) = å
k

ckh(i � k) = c
 g = fi ; (4.13)

whereg= h(l ) is the sampled kernel. Consequently, we havec= f 
 g� 1 and the coef�cients can be

obtained by discrete convolution of the inverse �lterg� 1. Notice that the pre�ltering step becomes

trivial when the reconstruction kernelh is interpolating; i.e., fromh(k) = dk follows readilyck = fk.

The inverse-�ltering step can be implemented by a recursive algorithm in the spatial domain for

1D B-splines [2], or in general in the Fourier domain, assuming periodic boundary conditions. The

discrete Fourier transform (DFT) of the samplesfk, k = 0; : : : ;N � 1, is de�ned as

F(ejw) =
N� 1

å
l= 0

fl ejwl ; (4.14)

where the discrete Fourier coef�cients are obtained forw = 2pk=N, k = 0; : : : ;N � 1. By the convo-

lution theorem, one can perform inverse �ltering in the Fourier domain as

ck  ! C(ejw) =
F(ejw)
G(ejw)

; (4.15)

whereG is the DFT ofg. The Fourier domain algorithm is easy to apply to the 3D case and for

non-CC lattices if the associated DFT is at hand.

The reconstruction kernelh needs to be admissible in the sense that the DFTG of the sampled

kernel has to be non-zero. In 1D, all popular kernels, including causal B-splines and odd-degree

symmetric B-splines, are admissible and guarantee a stable pre�lter. Consequently, their separable

extension can be used without any problem for the 3D case [14]. On the BCC lattice, the quintic box

spline is also shown to be an appropriate choice [24] for pre�ltering. It should be noted that higher-

order B-splines and box splines are smoothing and non-interpolating, which makes pre�ltering an

essential step for exploiting their improved approximation quality.
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4.3 Implemenation

Having set up the box spline as a �lter kernel for the BCC lattice and the pre�ltering algorithm, we

employed them in a high-quality ray caster. First, we implemented the discrete Fourier transform for

BCC lattices using Alimet al.'s method [1], which makes use of the multi-dimensional Fast-Fourier

Transform (FFT) algorithm. Therefore, using the FFTW package [27], a DFT on the BCC lattice

can be implemented ef�ciently. Furthermore, we implemented pre�ltered B-splinereconstruction

for BCC lattices [16] and pre�ltered B-spline reconstruction on CC lattices inorder to compare it to

our new method. In the following, the �rst method shall be calledBCC B-splinesand the second one

CC B-splines. All six �lter kernels guaranteeC0 (linear box spline for BCC, trilinear CC B-spline,

pre�ltered trilinear BCC B-spline) andC2 reconstruction (quintic box spline for BCC, tricubic CC

B-spline, pre�ltered tricubic BCC B-spline).

The �rst method (pre�ltered BCC B-splines) is theoretically not well adapted since the B-splines

are not suitable for BCC lattices. Speci�cally, during pre�ltering division by zero can occur. To

avoid this, the denominator of the Fourier expression of the inverse �lter is “lifted” by a small

positive numbere. Division by zero is bypassed but the �lter kernels are not interpolating any

more. Therefore, Csébfalviet al. call their method “practically interpolating” [16]. The method

offers reconstruction kernels for the BCC lattice that can be used on the GPU and, to the best of our

knowledge, deliver the best compromise between rendering speed and image quality for BCC lattices

so far. The second method (pre�ltered CC B-spline) works analogouslyto the method outlined in

Section 4.2 with the difference that the tricubic B-spline on a CC lattice is used.

The skeleton of the ray caster implementation is the same for every method, only the fragment

shader with the �lter kernels and the storage schemes of the volumes have to be adjusted for the

different methods. However, the pre�ltering step requires special attention since after pre�ltering

the coef�cients may be negative. This has to be taken into account when storing the volume as

textures; e.g., by using 32-bit textures.

For our method we use the BCC lattice representation proposed in Chapter 3.In contrast, Cséb-

falvi et al.'s [16] BCC B-spline method stores the BCC lattice as two separate CC textures.



Chapter 5

Computed Tomography

5.1 Maximum Likelihood Expectation Maximization (EM) Algorithm

We present a brief overview of the EM algorithm, �rst in its traditional discreteform as introduced

by Sheppet al. [50] and then in a continuous form that can be adapted for use in a volume rendering

framework. The work presented in this chapter has been conducted in cooperation with Usman R.

Alim [26].

5.1.1 EM Reconstruction

The goal of image reconstruction in emission tomography (ET) is to estimate a continuous 3D activ-

ity distribution from discrete measurements that correspond to some integral transformation of the

activity distribution. Lewittet al. [33] have classi�ed the models used to represent the data collec-

tion process into three major categories, namely discrete-continuous (D-C), discrete-discrete (D-D)

and continuous-continuous (C-C). D-C models are a natural setting for ET and attempt to relate the

discrete measurements to the continuous 3D activity distribution. D-D models areobtained from

D-C models by using a �nite set of basis functions to represent the unknown activity distribution.

A reconstruction algorithm is then used to estimate the coef�cients of the basis functions. C-C

models interpret the discrete measurements as samples of a continuous function in the measurement

space and an analytic formula is used to invert the integral transform in order to estimate the activity

distribution.

In this thesis, we shall focus on the EM algorithm which is based on a D-D model of data

collection; i.e., it treats both the acquired projections and the reconstruction volume as discrete data.

29



CHAPTER 5. COMPUTED TOMOGRAPHY 30

The 3D volume is typically discretized into non-overlapping cubic cells that aretiled such that their

centers make up a regular 3D CC lattice. However, the algorithm is not tied to any speci�c grid and

allows one to use non-CC lattices.

We denote byl (x), the unknown 3D activity distribution. For convenience, we lexicographically

order the cells and index them withj ( j = 1; : : : ;J). Similarly, assuming a total ofI detector bins,

we order them lexicographically and index them withi (i = 1; : : : ; I ). We denote the total number of

photons detected in bini as 	yi and the total activity in cellj as 	l j . The stochastic nature of photon

detections in a particular bin is modeled as a Poisson process that is independent of the photon

arrivals in other bins. In particular, photon arrivals in bini follow a Poisson distribution with mean

å j ai; j
	l j , where the termai; j models the physics and geometry of the imaging process and represents

the probability that a photon emitted anywhere in cellj will be detected in bini. This allows the

D-D imaging model to be written as a matrix-vector product given by

E[	y] = A � 	l ; (5.1)

where	y is the column vector( 	y1; : : : ; 	yI )
T consisting of detector counts and	l is the column vector

( 	l 1; : : : ; 	l J)T consisting of cell activities. An entryai; j of the systems matrixA is the normalized

volume obtained by intersecting cellj with a beam originating at bini that is perpendicular to the

detector plane. The cross section of the beam is the area of bini.

The EM algorithm takes the form of an iterative procedure that �nds the image estimate	l that

maximizes the likelihood of measuring the data	y under the imaging model (5.1). We refer the reader

to [32, 50] for details of the derivation. If we denote an activity estimate at iterationn as 	l
(n)

, then

the equation that updates the activity estimate of cellj , can be written as

	l (n+ 1)
j =

	l (n)
j

å i ai; j
å

i
ai; j

	yi

å k ai;k
	l (n)

k

: (5.2)

Let 	p(n) be the column vector( 	p(n)
1 ; : : : ; 	p(n)

I )T that represents the projection of the activity estimate
	l

(n)
at iterationn. It is given by

	p(n) = A � 	l
(n)

: (5.3)

Also, let 	c(n) be the column vector( 	y1= 	p(n)
1 ; : : : ; 	yI = 	p(n)

I )T consisting of correction factors. Equa-

tion (5.2) can then be expressed in a more concise form as

	l (n+ 1)
j = 	l (n)

j 	u(n)
j ; (5.4)

where 	u(n)
j = (AT � 	c(n) ) j

å i ai; j
andAT is the transpose ofA.
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The update equations (5.2) and (5.4) have a simple interpretation in terms of projection and back-

projection operations. In the standard EM framework, the matrixA computes a projection of the

current activity estimate whereas its transpose,AT , back-projects correction factors into the volume

to update the activity estimate. Sometimes, a different back-projection matrixBT may be used to

accelerate convergence, resulting in a modi�ed reconstruction algorithm that goes by the name of

Dual-Matrix reconstruction. In ET, it accelerates convergence by modeling the physics (attenuation,

Compton scattering, detector blurring) as well as the geometry of the acquisition process into the

projection matrixA while keeping the back-projection matrixBT sparse (e.g by modeling geometry

only). The projection and back-projection matrices must form a valid pair asanalyzed in [60].

5.1.2 Volume Rendering Formulation

Volume rendering techniques for tomographic reconstruction have the advantage that they avoid the

expensive computation and storage of the systems matrixA; rather, the entries of the matrix are

implicitly computed on the �y during the projection and back-projection steps. Inorder to make use

of volume rendering techniques, we have to write the discrete quantities presented in the previous

section, in a form that is more suitable for volume rendering algorithms. In particular, the activity

distributionl (x) and the forward projection model (5.1) need to be transposed into the continuous

domain. Towards this end, we formulate the equations in terms of arbitrary basis functions and high-

light the conditions under which the continuous-domain representation is equivalent to the discrete

EM framework.

We start by examining the D-C data collection model which treats both the emission density and

the detection probability as continuously de�ned functions. Lethi(x) denote the continuous-domain

probability density function that represents the probability that an emission within an in�nitessimal

volume atx will be detected in bini. If we represent the continuous-domain emission density as

a linear combination of a �nite number of basis functions, the continuous analogue of the discrete

imaging model (5.1) can be written as

	gi =
Z

R3
hi(x)

�
å j l j f j (x)

�
dx; (5.5)

where 	gi denotes the total number of photons detected in bini under a continuous imaging model,

f j (x) is the basis function corresponding to cellj andl j is the corresponding coef�cient. Here, we

have not placed any restrictions on the choice of basis functions. Any set of functions that form a

valid basis can be used.
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An entry of the matrixA represents the average probability that an emission from cellj will be

detected in bini [33]. It can be obtained throughhi(x) by integrating over the volume occupied by

cell j; i.e.,

ai; j =
Z

R3
hi(x)c j (x)dx; (5.6)

wherec j (x) denotes the characteristic function of cellj . It is unity within the volume of the cell and

zero elsewhere.

Using (5.6) and the D-D projection model of the EM framework (5.1), we canwrite the expected

total number of photons detected in bini as

å j
	l jai; j = å j

	l j

� Z

R3
hi(x)c j (x)dx

�

=
Z

R3
hi(x)

�
å j

	l j c j (x)
�

dx:
(5.7)

By comparing this with the continuous imaging model (5.5), we observe that if weuse the

characteristic functionsc j (x) as basis functions along with the total cell emissions	l j as the corre-

sponding coef�cients, the continuous imaging model becomes equivalent tothe discrete formulation

of the EM framework. Thus, a continuous imaging model that makes use of nearest-neighbor in-

terpolation for the emission density and treats the integration kernelhi(x) as a continuously de�ned

function, can safely be used as a projector in an EM reconstruction framework. Higher-order in-

terpolation schemes are incompatible. This should come as no surprise since the EM formulation

capitalizes on the additive property of independent Poisson distributions. Anatural way to achieve

this independence is to assume an underlying piecewise-constant emission density.

The back-projection step can also be expressed in an integral form similarto (5.7). Taking (5.6)

and substituting it into (5.2), we see that the total unnormalized correction factor back-projected to

cell j is given by

å
i

	ciai; j = å
i

� Z

R3
	cihi(x)c j (x)dx

�
: (5.8)

Equations (5.7) and (5.8) are in a more suitable form for our purposes since volume rendering

algorithms are �ne tuned for the purpose of computing such integrals.

In ET modalities, a collimator is usually employed that only allows photons traveling perpendic-

ular to the plane of the detector to pass through. If we further neglect the effects of photon scattering,

the integration kernelhi(x) is non-zero within a cuboid-shaped beam perpendicular to the plane of

the detector and zero outside. Forward projection (5.7) can therefore be ef�ciently computed via

volume rendering using orthographic projection and an emission-only integrator that samples the
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volume along rays perpendicular to the image plane. Similarly, the back-projection step (5.8) can

be evaluated by treating each image plane of correction factors as a light source and tracing rays

through the volume, accumulating their contribution at each cell. In such a volume rendering based

approach for computing the forward and back-projection steps, if the integrands are sampled at the

same locations, we have a matched projector/back-projector pair as in (5.4). On the other hand, in

hardware-accelerated reconstruction, the usual approach is to use asmaller step size for the forward

projection and an approximate evaluation of the back-projection step, thus leading to an unmatched

approach.

As mentioned earlier, this formulation can be generalized to any 3D lattice. Oncethe lattice is

determined, the only adjustment needed is in the choice of the characteristic functionc j (x), which

changes according to the lattice's Voronoi cell. In our case we choose the CC and BCC lattices,

which have the cube and the truncated octahedron as their Voronoi cells respectively. Therefore,

c j (x) is the nearest-neighbor interpolation kernel of the lattice.

5.2 Hardware-Based Implementation

The EM algorithm expectsm projections (	y) as input that are usually equidistantly distributed over

a certain range (typically 360 degrees). The algorithm consists of three different steps in each

iterationn: Forward projection, correction step, and back-projection. An overview of an iteration in

the algorithm is displayed in Figure 5.1.

5.2.1 Forward Projection

In each iterationn, the forward projection computesm projection estimates	p(n) from the current 3D

estimatel (x)(n) (wherel (x)(1) = 1). Note that Equation 5.7 can be considered as beam integrals

that can be approximated by line integrals. Line integrals are easily computed via volume rendering.

Therefore, we renderl (x)(n) from every projection angle to obtain	p(n) . According to Equation 5.7

a strict implementation relies on nearest-neighbor interpolation. Here, we compare nearest-neighbor

interpolation to higher-order kernels to empirically con�rm the theoretical results obtained in Sec-

tion 5.1.

The nearest-neighbor interpolation routine has been explained in Section 4.1.1. Nearest-neighbor

interpolation for the CC lattice is implemented via the OpenGL �agGL_NEAREST.

Due to the support of 32 bit textures on the GPU, we can compute the results of the projection
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Figure 5.1: Overview of the EM implementation: In the forward projection volumerendering is
applied to calculate projections	p(n) of the estimatel (x)(n) . In the correction step	y is divided by
	p(n) , and the back-projection stretches the correction images back into the volume. c
 Eurographics
Association 2009; Reproduced by kind permission of the Eurographics Association [26].

operation without any loss of accuracy compared to CPU-based computation. The forward projec-

tion step is straightforward since calculating the line integrals (Equation 5.7) translates directly to

regular volume rendering. We use texture slicing with an orthographic camera to render the current

estimate of the volume in order to compute the line integrals.

No attenuation correction takes place so we set the alpha blending function toglBlendFunc

(GL_ONE, GL_ONE) (additive alpha blending). To compute the line integral per pixel, we mul-

tiply the sum of the fragments with the stepsize (i.e., the distance between two adjacent slices).

This results in images	p(n) similar to X-ray projections. All projection images are equidistantly

distributed over a certain range (usually 360 degrees) and have to be rendered in every forward

projection step.

5.2.2 Correction Step

After rendering all projections	p(n) of the current estimatel (x)(n) , the correction images are calcu-

lated according to Equation 5.4; i.e., we compute the correction vector

	c(n) = ( 	y1= 	p(n)
1 ; : : : ; 	yI = 	p(n)

I )T (5.9)



CHAPTER 5. COMPUTED TOMOGRAPHY 35

by dividing the actual projections	y by the images	p(n) rendered in the forward projection on a

pixel-wise basis.

An example of a mouse embryo is displayed in Figure 5.2: (a) shows a given projection (	y), (b)

shows a projection (	p(n)) of the current estimate (l (x)(n)) obtained via forward projection, and (c)

shows the corresponding correction image (	c(n)).

(a) Projection	y (b) Projection estimate	p(n) (c) Correction image	c(n)

Figure 5.2: A correction image (c) obtained from a projection of the estimate (b) and a given pro-
jection (a).

5.2.3 Back-Projection

For the back-projection we compute the integral according to Equation 5.8. To compute the next

estimatel (x)(n+ 1) , l (x)(n) conceptually becomes the camera (i.e., voxels detect photons) and	c(n)

acts as light source (i.e., pixels emit photons). We proceed as proposed by Chidlow et al. [9]:

For every horizontal slice of the volumel (x)(n) , we �nd the corresponding row of pixels in the

projection images	c(n) ; i.e., we choose the row in	c(n) that has the same height as the horizontal slice

in l (x)(n) . We load this row as a 1D texture into GPU memory. This 1D texture is then “smeared”

over a (rotated) quadratic polygon which represents a horizontal slice inthe update volume	u(n) .

The polygon has to be rotated according to the current projection image. For every rotation angle

of them projections, these values are normalized bym and get accumulated in the rendering buffer.

The polygon is then written to host memory resulting in one slice of	u(n) . After all projections are

“smeared” back into the update volume, we obtain the next estimate by multiplying	u(n) with l (x)(n)

on a voxel-wise basis; i.e.,

l (x)(n+ 1) = ( 	u(n)
1

	l (n)
1 ; : : : ; 	u(n)

J
	l (n)

J )T : (5.10)
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Figure 5.3 depicts a schematical example for different values ofm: m 1D rows of projections	p

of a sphere are loaded as 1D textures and are then “smeared” over a quadratic 2D polygon which

represents a slice in the update volume	u(n) which is then multiplied byl (x)(n) .

(a) m= 8 (b) m= 16

(c) m= 64 (d) m= 256

Figure 5.3: Back-projections of a sphere for different numbers of projections:m one-dimensional
rows of projections	p get “smeared” onto a 2D slice of the update volume.

5.2.4 Implementation Details for Different Lattices

Differences in the algorithm when using the BCC lattice only occur in the forward projection (where

the fragment shaders and the storage scheme for the BCC lattice have to be adjusted), and in the

back-projection: As already mentioned, a BCC lattice is formed by two CC lattices. Therefore, in

the BCC lattice every slice in thexy-, xz-, andyz-plane is a 2D CC lattice where every odd slice is

shifted by one half of the grid spacing. Since we use the texture smearing method, this shift has to

be taken into account during back-projection. Therefore, every oddslice has to be shifted ensuring

the correct sampling on the BCC lattice. For the CC implementation this shift is omitted.



Chapter 6

Results

6.1 Volume Ray Casting

We tested our method presented in Chapter 4 on a PC with two 1.0 GHz Dual CoreAMD Opteron

Processors with 8 GB memory and an Nvidia GeForce 8800 GTX graphics card (768 MB RAM,

128 stream processors) using Linux 2.6.18 with gcc 4.1.2, OpenGL, and GLSL. We compared the

linear and quintic box spline (with and without pre�ltering) to the pre�ltered trilinear and tricubic

BCC B-spline, and the trilinear and tricubic CC B-spline (with and without pre�ltering) in terms of

rendering speed, image quality, and numerical quality.

Method Box spline BCC B-spline CC B-spline
C0 NN 4 NN 2 x 8 NN 8 NN
C0 LIN n.a. 2 x 1 LIN 1 LIN
C2 NN 32 NN 2 x 64 NN 64 NN
C2 LIN n.a. 2 x 8 LIN 8 LIN

Table 6.1: Samples needed for each reconstruction kernel.C0 denotes the linear kernels,C2 denotes
the quintic and tricubic kernels. NN and LIN denotes the implementation of each kernel with nearest
neighbor texture lookups and trilinear texture lookups, respectively. The CC B-spline version of “C2

LIN” is the tricubic B-spline according to Sigg and Hadwiger's implementation [51].

37
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6.1.1 Rendering Speed

We measured the frames per second for all three methods. Note that discrete pre�ltering is a prepro-

cessing step performed once and has no in�uence on these results.

Table 6.1 indicates the number of texture lookups required for each reconstruction kernel. GPUs

usually support two types of 3D texture lookups: A lookup that fetches thenearest neighbor and

a lookup that automatically performs a trilinear interpolation of eight texels. In the following, we

shall call the �rst typeNN lookupsand the second typeLIN lookups. We compare the numbers

of NN and LIN lookups in Table 6.1 since the number of lookups has considerable impact on the

performance of each kernel. As the reader may verify, we also show thenumber of NN lookups for

linear interpolation on the CC lattice, which is not always necessary since special purpose units for

linear interpolation are available (i.e., such a special purpose unit performs a LIN lookup).

There are two reasons for performing linear interpolation manually (i.e., employing NN lookups):

First, LIN lookups on the GPU are only available for the CC but not for the BCC lattice. This could

change as soon as BCC textures are implemented on commodity graphics hardware or because of the

evolution of future graphics hardware such as the Larrabee architecture [46]. In the mean time, it is

fair to compare the box splines (that so far can only work with NN lookups) toa manual implemen-

tation of linear interpolation using NN lookups. For high-quality renderings,32-bit textures have to

be employed and only graphics cards of the latest generations support LIN lookups on the 128-bit

pipeline. If working with older graphics cards (e.g. Nvidia GeForce 6800) hardware-accelerated

LIN lookups are not available and therefore NN lookups are mandatory.

We used three different datasets of different sizes which we rendered at a resolution of 512� 512

pixels: The Marschner-Lobb [34] (ML) dataset sampled on a CC lattice witha size of 40� 40� 40=

64k and on a BCC lattice with 28� 28� 56� 44k samples, the carp dataset (CC: 180� 180� 180=

5;832k, BCC: 129� 129� 258� 4;293k), and the mouse embryo dataset (CC: 449� 663� 449�

133;661k, BCC: 321� 474� 642� 97;683k). The BCC datasets have approximately 70% of the

samples of the CC datasets, which is justi�ed due to the optimality of the BCC lattice.

The Marschner-Lobb test function is analytically de�ned and can therefore be sampled easily

on an arbitrary lattice. An image rendered using the analytical version of theML dataset can be

found in Figure 6.1. The carp dataset is a CT scan originally stored on a fairly densely sampled CC

lattice. We constructed comparable BCC and CC datasets by merely subsamplingfrom the densely

sampled CC dataset. The mouse embryo dataset was acquired from 400 projections via OPT (optical

projection tomography) [47] as presented in Chapter 5.
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Figure 6.1: Volume rendering of the analytical ML test function.

Method ML Carp Mouse embryo

1 Linear box spline (direct) (NN) 3.57 3.10 1.58
2 Linear box spline (NN) 14.58 12.47 5.62
3 Quintic box spline (direct) (NN) * * *
4 Quintic box spline (NN) 1.03 1.01 0.47
5 Trilinear BCC B-spline (NN) 4.94 4.65 2.11
6 Trilinear BCC B-spline (LIN) 26.02 20.54 7.32
7 Tricubic BCC B-spline (NN) 0.74 0.69 0.32
8 Tricubic BCC B-spline (LIN) 1.81 1.67 0.80
9 Trilinear CC B-spline (NN) 13.49 12.04 5.10

10 Trilinear CC B-spline (LIN) 39.68 32.63 11.06
11 Tricubic CC B-spline (NN) 1.49 1.37 0.63
12 Tricubic CC B-spline (LIN) 6.80 6.04 2.64

Table 6.2: Frames per second (fps) for the linear and quintic box spline using the direct implemen-
tation (the box spline's B-form); i.e.,bsp in Section 4.1 is used for every neighbor in the kernel's
support, and our fast evaluation scheme, and pre�ltered B-spline reconstruction for BCC and CC
lattices. Three datasets where used: The Marschner-Lobb (ML), the carp, and the mouse embryo
dataset. Renderings with the direct quintic box spline (*) took several seconds (> 30) per frame.
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We created volume renderings using central differencing with a relativelysmall step size (on-

the-�y gradient computation) to approximate the true gradient. Central differencing is often used for

volume rendering instead of taking the analytical derivative of the reconstruction kernel and there is

no reason to believe that any of the two methods performs better or worse than the other one [40].

Images of all datasets are found in Section 6.1.2. Images of the Marschner-Lobb dataset are found

in Figure 6.3, the mouse embryo dataset is found in Figure 6.4, and the carp dataset is found in

Figure 6.5. Timings for all three datasets are listed in Table 6.2 and con�rm that the box splines are

able to compete with the two other methods.

First, it is apparent that a direct implementation that makes use of the box splinein B-form

(i.e., whenbsp in Section 4.1 is used for every neighbor in the kernel's support) is not feasible as

it is not able to deliver interactive frame rates, especially for the quintic boxspline. This shows

the necessity of transforming the box spline from B-form to pp-form. Our fast evaluation scheme

guarantees the desired performance increase to make box splines attractive for interactive volume

rendering (compare rows 1 to 4 in Table 6.2): For the linear box spline, ourimplementation is 3.5

times faster, and the quintic box spline is more than 15 times faster than the direct implementation.

Furthermore, the pre�ltered BCC B-splines are not able to compete in terms ofspeed with the CC

B-splines (compare lines 5-8 with 9-12): The trilinear BCC B-spline achieves 7.32 fps compared

to 11.06 fps of the linear CC B-spline, and the tricubic BCC B-spline achieves0.8 fps compared to

2.64 fps of the tricubic CC B-spline.

Let us now focus on our fast evaluation scheme of the box spline (timings in lines 2 and 4):

When LIN lookups can be used the box splines obviously perform not aswell as the two other

methods. However, frame rates are more similar as soon as dataset size increases (compare the

frame rates in line 2, 6, and 10 in the last column of Table 6.2, and line 4, 8, and 12), since memory

access becomes more expensive. The box splines still achieve comparable frame rates: 5:62 fps

(linear box spline) compared to 7:32 (trilinear BCC B-spline) and 11:06 fps (trilinear CC B-spline),

and 0:47 fps (quintic box spline) compared to 0:80 (tricubic BCC B-spline) and 2:64 fps (tricubic

CC B-spline).

When only NN lookups are employed, the linear box spline is approximately three times faster

than the pre�ltered trilinear BCC B-spline and slightly faster than the trilinear CCB-spline. Fur-

thermore, the quintic box spline is faster than the pre�ltered tricubic BCC B-spline for all three

datasets but still slower than the tricubic CC B-spline. This shows that box splines can compete with

the comparison methods in terms of rendering speed, and we will see in the next section that box

splines deliver superior reconstruction accuracy and better visual quality.
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Method ML Carp Mouse embryo
Nearest-neighbor interpolation (BCC)27.71 23.71 10.45
Nearest-neighbor interpolation (CC) 40.03 33.41 13.28

Table 6.3: Frames per second (fps) for nearest-neighbor interpolationfor the BCC and CC lattice.
Three datasets where used: The Marschner-Lobb (ML), the carp, and the mouse embryo dataset.

Note that the advantage of using LIN lookups is only due to the fact that trilinear interpolation

on the CC lattice is available through special purpose units on the GPU. Theselookups are almost

as fast as NN lookups (although eight times as much data has to be accessed). This advantage is

likely to vanish as soon as special BCC hardware or more evolved architectures are available. Our

comparisons indicate that the box splines are then likely to be faster than the comparison methods.

Furthermore, note that one has to switch back to NN lookups if one wants to use 32-bit textures on

older graphics hardware and in this case box splines are the best choice.

Last, we compare the timings (listed in Table 6.3) for nearest-neighbor interpolation for the CC

and BCC lattice. In general, nearest-neighbor interpolation is not employedin the context of volume

rendering due to its poor visual quality. However, we have seen in Chapter 5 that nearest-neighbor

interpolation is important in the context of computed tomography. Although both methods require

only one NN lookup, the BCC nearest-neighbor interpolation is slower since�nding the nearest

neighbor in a BCC lattice is slightly more expensive (see Section 4.1.1).

6.1.2 Image Quality

To compare the reconstruction quality of each �lter kernel, we employed the Marschner-Lobb test

function sampled on lattices as described in Section 6.1.1 and produced volumerenderings.

Since the linear B-spline and the linear box spline are already interpolating onthe CC and BCC

lattice, discrete pre�ltering yields the identity (i.e.,fk = ck). Figure 6.2 shows results for the linear

�lters (C0 reconstruction). The �rst row shows volume renderings of the test function and the second

row shows the corresponding error images. They visualize the angular error when estimating the

surface normals using central differences with a relatively small step sizefrom the reconstructed test

function. An angular error of more than 30 degrees is mapped to white. Black denotes an angular

error of zero. All three �lters have dif�culties to reconstruct the signalcorrectly. However, the error

image of the linear box spline in Figure 6.2 (b) is slightly darker than the other twoimages and has

therefore a smaller error. Furthermore, the error is distributed more regularly.
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(a) (b) (c)

Figure 6.2: First row: Marschner-Lobb test function. Second row: Corresponding error images. An
angular error of the reconstructed surface normal of more than 30 degrees is mapped to white. Black
denotes an error of zero. (a): trilinear B-spline reconstruction from 40� 40� 40 CC samples. (b)
and (c): linear box spline and pre�ltered trilinear B-spline reconstruction from 28� 28� 56 BCC
samples.

Figure 6.3 shows analogous results forC2 reconstruction. Both, the tricubic CC B-spline and

the quintic box spline (a-d) show improvements when pre�ltering is used: Thevalleys are deeper

and the �lters are not as smoothing as when used without pre�ltering. The error images in the sec-

ond row con�rm that pre�ltering substantially improves reconstruction accuracy and image quality.

However, the quintic box spline delivers better image quality and error behavior in both cases. When

comparing all three error images where pre�ltering is used (second row,(b), (d) and (e)) it is appar-

ent that the pre�ltered quintic box spline is able to reconstruct the test function more accurately than

the pre�ltered tricubic B-spline for CC (b) and BCC (e) lattices, which makesit the best choice.

To show the visual difference of pre�ltering for a real-world dataset we rendered close-ups of a

smaller version of the mouse embryo dataset with box splines. The dataset has 87� 192� 174�

1;953k BCC samples and was obtained the same way as described for the dataset in Section 6.1.1.

Figure 6.4 shows the mouse embryo (a) and three close-ups (b-d), where (b) was rendered using the

linear box spline, (c) was rendered using the quintic box spline without pre�ltering, and (d) shows
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(a) (b) (c) (d) (e)

Figure 6.3: First row: Marschner-Lobb test function. Second row: Corresponding error images
analogous to Figure 6.2. (a) and (b): tricubic B-spline reconstruction from 40� 40� 40 CC samples
without and with pre�ltering. (c) and (d): quintic box spline reconstruction from 28� 28� 56
BCC samples without and with pre�ltering. (e): pre�ltered tricubic B-spline reconstruction from
28� 28� 56 BCC samples.

the mouse embryo head using the quintic box spline with pre�ltering. The linear box spline is able to

reconstruct details but girdering artifacts [7] are visible. The quintic boxspline shows its smoothing

property when no pre�ltering is employed and details are lost. The best visual result is obtained with

the quintic box spline and pre�ltering: The girdering artifacts vanish and small details are preserved.

Last, we compare the pre�ltered �lter kernels forC2 reconstruction on another real-world dataset.

Figure 6.5 shows the carp dataset with the pre�ltered quintic box spline (b),the pre�ltered tricubic

BCC B-spline (c), and the pre�ltered tricubic CC B-spline (d). The datasets have approximately

the same number of samples: The BCC dataset has 129� 129� 258� 4;293k samples and the CC

dataset has 164� 164� 164� 4;411k samples. The pre�ltered tricubic BCC B-spline (c) cannot

preserve as many details as the other two methods due to its “practically interpolating” property. The

pre�ltered quintic box spline (b) can reconstruct the carp's ribs more accurately resulting in better

image quality than the pre�ltered tricubic CC B-spline (d).

6.1.3 Numerical Comparisons

In the context of volume rendering, a visual comparison between different reconstruction �lters as

seen in Section 6.1.2 is the most important quality measure. Besides that, a numerical comparison

of the �lters is of interest as well. To that aim, we compute two error measures,theL1 andL2 error,
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(a) Mouse embryo (b) Linear

(c) Quintic (no pre�ltering) (d) Quintic (pre�ltering)

Figure 6.4: Close-up of the mouse embryo with 87� 192� 174 BCC samples rendered with the
linear and quintic box spline.

for the analytically de�ned ML dataset.

Let D = [ � 1;1]3 � R3, x2 D, f : D ! R the scalar ML test function (ground truth) as de�ned by

Marschner and Lobb [34], andfr : D ! R the reconstructed function (i.e.,f is sampled on a lattice

and then reconstructed from these samples). Fori 2 f 1;2g, we de�ne

ei(x) = j f (x) � fr (x)j i (6.1)

as the pointwiseLi error. Therefore, the average expectedLi error is

mi =
Z

D
ei(x)dx; (6.2)

and the standard deviation is obtained via

p
s i =

r Z

D
ei(x)2 � m2

i dx=

r Z

D
(ei(x) � mi)2dx: (6.3)
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(a) Carp (b) Pre�ltered quintic box spline

(c) Pre�ltered tricubic BCC B-spline (d) Pre�ltered tricubic CC B-spline

Figure 6.5: The carp dataset sampled on� 4;293k BCC samples (b, c) and on� 4;411k CC samples
(d). (b-d) compare the pre�ltered quintic box spline (b), the pre�ltered tricubic BCC B-spline (c),
and the pre�ltered tricubic CC B-spline (d).

By takingN random samplesx j 2 D, j = 1: : :N, Equation 6.2 can be approximated by the sum

mi =
Z

D
ei(x)dx �

1
N

N

å
j= 1

ei(x j ): (6.4)

We conducted the experiment by sampling the ML test function on a CC lattice of size 40� 40�

40 and on a BCC lattice of size 31� 31� 62. The CC lattice has a slightly higher sampling density

than the BCC lattice. We computefr at positionx j by convolving these lattices with the different

�lters (box splines, BCC B-splines, and CC B-splines). Thus, we can compute the pointwise error

ei(x j ). Having computedei(x j ) for all j = 1: : :N, we estimatemi and
p

s i for each lattice and

reconstruction kernel by takingN = 100;000 random samples that are identical in each computation;

i.e., we precomputeN = 100;000 random samples and use them in each estimation ofmi and
p

s i

for each lattice and �lter. This allows for a numerical comparison of the different reconstruction

qualities of the �lters. The numerical results for theL1 andL2 error are found in Table 6.4 and in

Figure 6.6.
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Filter L1 Error L2 Error
m1

p
s1 m2

p
s2

Box splines
Nearest neighbor 0.035139 0.031392 0.002220 0.003581
Linear 0.022240 0.019245 0.000865 0.001315
Quintic 0.034278 0.021428 0.001634 0.001594
Quintic (pre�ltering) 0.008349 0.010025 0.000170 0.000367
BCC B-splines
Trilinear 0.022640 0.016787 0.000794 0.000976
Tricubic 0.010683 0.009625 0.000207 0.000305
CC B-splines
Nearest neighbor 0.035489 0.031308 0.002240 0.003588
Trilinear 0.025813 0.020246 0.001076 0.001386
Tricubic 0.038570 0.023649 0.002047 0.001940
Tricubic (pre�ltering) 0.009364 0.011484 0.000220 0.000480

Table 6.4: Numerical comparison between the three different �lter classes(box splines, BCC B-
splines, and CC B-splines). Columns two to �ve show the average expectedL1 andL2 errorm1 and
m2, as well as the corresponding standard deviations

p
s1 and

p
s2.

If examining theL1 error (column two and three), it is noticable, that linear interpolation (linear

box spline (m1 = 0:022240) and trilinear CC B-spline (m1 = 0:025813)) has a smaller numerical

error than the quintic box spline (m1 = 0:034278) and tricubic CC B-spline (m1 = 0:038570) (no

pre�ltering). Results improve drastically when pre�ltering is used. Both, thequintic box spline

(m1 = 0:008349) and the tricubic CC B-spline (m1 = 0:009364) show the smallest error for their

lattice. Furthermore, the box splines perform better than their CC counterparts (see Figure 6.6).

Note that for this experiment, the trilinear CC B-spline is more accurate than the tricubic CC B-

spline, and the linear box spline is more accurate than the quintic box spline. A possible explanation

could be that for random samples lying close to a lattice point, the interpolating �lters give more

accurate results compared to the smoothingC2 �lters without pre�ltering.

As for the BCC B-splines, the trilinear BCC B-spline (m1 = 0:022640) shows a lower error

than the trilinear CC B-spline (m1 = 0:025813), but performs slightly worse than the linear box

spline (m1 = 0:022240). The tricubic BCC B-spline (m1 = 0:010683) performs not as good as the

pre�ltered quintic box spline (m1 = 0:008349) and pre�ltered tricubic CC B-spline (m1 = 0:009364).

The same observations hold for theL2 error.
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Figure 6.6: First column:L1 errors, second column:L2 errors. First row:Li errors (mi ,
p

s i) for
nearest neighbor interpolation for the BCC and CC lattice. Second row:Li errors for the linear box
spline, trilinear BCC B-spline, and trilinear CC B-spline. Third row:Li errors for the quintic box
spline and tricubic CC B-spline (no pre�ltering). Fourth row:Li errors for the quintic box spline,
tricubic BCC B-spline, and tricubic CC B-spline (with pre�ltering). BCC denotes box splines,
BCCB denotes BCC B-splines, and CC denotes CC B-splines.
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6.2 Computed Tomography

In this section we test our GPU implementation of the EM algorithm. We ran our experiments with

the same setup as described in Section 6.1. In Section 6.2.1, we derive the 3DShepp-Logan (SL)

phantom with analytically computed projections. In Section 6.2.2, we investigate the in�uence of

different �lters in the forward projection step, and Section 6.2.3 demonstrates the superiority of the

BCC lattice over the CC lattice. Finally, Section 6.2.4 demonstrates the feasibilty of our method for

a real-world dataset.

6.2.1 Synthetic Phantom

In practical CT settings only the projections are given and a ground truth isnot available. In order

to be able to compare CT algorithms we have to measure the error between the result (the estimate

of the volume) and the actual solution (i.e., a ground truth of the volume). Hence, it is desirable

to de�ne synthetic phantoms and to create (ideal) projections of them so we can measure the error

between an estimate and the ground truth. Therefore, we compare the accuracy of tomographic

reconstructions on CC and BCC lattices using different �lters by employing a3D version of the

Shepp-Logan (SL) dataset. The 2D SL test function was �rst introduced by Shepp and Logan [49].

It consists of several analytically de�ned ellipsoids that resemble the shape and characteristics of a

slice of a brain's CT scan. We make use of its 3D version [29].

The �rst step is to create the ground truth. Since the 3D SL phantom is de�ned analytically, it

can be sampled on any arbitrary lattice. For our experiments, we sampled the 3D SL phantom on

a CC lattice of size 128� 128� 128 (2;097;152 samples). Next, we sampled the 3D SL phantom

on a BCC lattice of approximately the same size (100� 100� 200= 2;000;000 samples), which

we therefore callBCC 100lattice. As �nite sampling of a volume cannot result in the same number

of samples for both lattices we chose the resolution in favor of the CC lattice. Thus, the CC lattice

has a slightly higher sampling density than the BCC 100 lattice. Finally, we sampled the 3D SL

phantom on a BCC lattice which has approximately 70% of the CC lattice's samples.This lattice,

which we shall callBCC 70lattice, has a size of 91� 91� 182= 1;507;142 samples. The BCC 70

lattice can store the same information as the 1283 CC lattice.

Next, we created 256 projections of the volume of size 128� 128 each on a 360 degree orbit

around the volume. In order to obtain projections as accurate as possible,it is not desirable to

compute the projections in a numerical way (i.e., by computing numerical integralsalong rays cast

through the volume onto the detector plane). Since the 3D SL phantom is a sum of ellipsoids, we
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can create the projections analytically by using theFourier slice theorem: The Fourier transform of

a unit solid sphere centered at the origin is given by [38]

f̂s(w) :=
J3=2(2pkwk)

kwk3=2
; (6.5)

whereJ3=2 is the Bessel function of the �rst kind of order 3=2. Furthermore, an ellipsoid is obtained

by an af�ne transformation of a sphere. These transforms can also be applied in the Fourier domain

to yield the Fourier transform of an ellipsoid.

f̂e(w) := jM j exp(� 2p ixo
Tw) f̂s(M Tw); (6.6)

whereM is an af�ne transformation matrix that maps the unit sphere to the ellipsoid andxo is the

center of the ellipsoid. Therefore, we can easily obtain the analytical Fourier transform of the 3D

SL phantom. Now a spatial projection can be created by �rst sampling the Fourier transform of the

3D SL phantom on a disrete 2D slice perpendicular to the viewing direction, centered at the origin,

and then applying the inverse Fourier transform on this slice.

(a) noiseless (b) PSNR 32.19 (c) PSNR 22.19

Figure 6.7: Analytically computed projections of the 3D SL phantom with different noise levels.
c
 Eurographics Association 2009; Reproduced by kind permission of the Eurographics Associa-
tion [26].

In real-world applications projections are often corrupted by noise. To test the denoising capa-

bilities of the EM algorithm, we created two more sets of projections that were corrupted by Poisson

noise: For each pixelpxy in projectionp, pxy is treated as the mean of the Poisson distribution at

pixel pxy, which is also the variance of the distribution. A scaling factorn is used to control the mean

(variance). The highern, the higher is the noise level and the lower is the peak signal-to-noise ratio
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(PSNR). The �rst set has a PSNR of 32.19 and the second set has a PSNR of 22.19. One projection

of each set is shown in Figure 6.7.

Having at hand the ground truth and the projections, the reconstructions are computed for 30

iterations while monitoring the root mean squared error (RMSE) between each estimate and the

ground truth.

6.2.2 Different Filters

In Section 5 we have shown the necessity of using a nearest-neighbor �lter. To substantiate this

result empirically, we compare nearest-neighbor interpolation to several higher-order reconstruction

�lters in the forward projection. For higher-order �ltering we use the linear and quintic box spline

(presented in Section 4.1) as reconstruction kernels for the BCC lattice, and the trilinear and tricubic

B-spline as reconstruction kernels for the CC lattice. The linear box spline and the trilinear B-spline

guaranteeC0 continuity, the quintic box spline and the tricubic B-splineC2 continuity. Furthermore,

we use pre�ltering (presented in Section 4.2) in order to make the quintic box spline and the tricubic

B-spline interpolating.

Figure 6.8 shows the RMSE after iteration 30 for the BCC 100 and the CC lattice,and the four

respective kernels when using the noiseless and the two noisy projection sets. We recognize that

nearest-neighbor interpolation delivers the most accurate result for both lattices, especially in the

presence of noise. Higher-order reconstruction kernels deliver less accurate results.

Figure 6.9 shows analogous results for the BCC 70 lattice.

In our model, we assume that only photons traveling perpendicular to the sensor are recorded,

and that distributions are independent. This should favor nearest-neighbor interpolation when re-

constructing small features. Thus, we used the method described in Section6.2.1 to create 256

noiseless projections (40� 40 pixels) of small spheres with radius� 2x (wherex is the side length

of a cubic voxel), from which we reconstructed the volume of size 40� 40� 40 with the nearest-

neighbor and tricubic �lter on the CC lattice. Figure 6.10 shows volume renderings of these spheres

after 30 iterations and it is apparent that the reconstruction of the spheres using nearest-neighbor

interpolation in the EM algorithm is more accurate. The spheres are more symmetric whereas the

tricubic tomographic reconstruction is more irregular.
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Figure 6.8: BCC 100 compared to the CC lattice: RMSE after iteration 30 for different noise levels
(noiseless, PSNR 32:19, and PSNR 22:19) and reconstruction �lters. In all three cases the BCC
�lters perform better than their CC counterparts and nearest-neighbor interpolation shows the most
accurate results for both lattices.c
 Eurographics Association 2009; Reproduced by kind permission
of the Eurographics Association [26].

6.2.3 Different Lattices

Figure 6.8 and Figure 6.9 already indicate the superiority of the BCC lattice: Itis apparent that

the BCC lattice performs better than the CC lattice since all four BCC reconstruction kernels show

better error behavior than their CC counterparts. A possible explanation for this is the more isotropic

topology of the Voronoi cell of the BCC lattice compared to the CC lattice.

The convergence of the EM algorithm for the CC and BCC 100 lattice is illustrated in Figure 6.11

by the RMSE curves for all three noise levels between iterations 10 and 30.The �gure compares the

BCC 100 lattice with the CC lattice when using the nearest-neighbor �lter. Iterations 1 to 9 were

omitted for better readability. For each noise level, the BCC 100 lattice outperforms the CC lattice

(compare the dashed curves, the solid curves and the “circle” curves). Similar results hold for the
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Figure 6.9: BCC 70 compared to the CC lattice: RMSE after iteration 30 for different noise levels
(noiseless, PSNR 32:19, and PSNR 22:19) and reconstruction kernels. In all three cases the BCC
�lters perform better than their CC counterparts and nearest-neighbor interpolation shows the most
accurate results for both lattices.

BCC 70 lattice, which are displayed in Figure 6.12.

The numerical differences demonstrated by the RMSE curves are supported by visual results.

Figure 6.13 shows center slices from the reconstructed volumes after 30 iterations: The �rst column

shows slices from the CC lattice, the BCC 100 lattice, and the BCC 70 lattice when using noiseless

projections. The second column shows the same setup for the PSNR 32.19 projections, and the third

column for PSNR 22.19. The last column shows the corresponding truth slices.

The CC lattice slices have a size of 128� 128 pixels and are found in the �rst row of Figure 6.13.

The second and third row show the BCC 100 slices with a size of 100� 100. Note that although

the BCC 100 slice has only 100� 100 pixels, the physical size of the slice is the same as the size of

the CC slice. The reason for this is the different topology of the BCC lattice. To avoid confusion

we therefore show the BCC slices with the same pixel size (second row) andthe same physical size
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(a) NN (b) Tricubic (c) Ground truth

Figure 6.10: Small spheres reconstructed using (a) nearest neighbor(NN) interpolation, and (b) the
tricubic B-spline. (c) shows the ground truth.c
 Eurographics Association 2009; Reproduced by
kind permission of the Eurographics Association [26].

(third row) as the CC slice. In other words, the third row is just an upscaledversion of the second

row. The fourth and �fth row show the analogous setup for the BCC 70 lattice.

In all cases nearest-neighbor interpolation was used. When comparing the estimate of the CC

volume (�rst row) to the estimate of the BCC volumes (second to �fth row) the visual difference is

noticable: The BCC slices (last four rows) show less noise than their CC counterpart in the �rst row.

To further clarify the difference between the BCC and CC lattice we show in Figure 6.14 and

Figure 6.15 the intensity values indicated by the red and blue lines in the last column of Figure 6.13.

The dashed black lines indicate the ground truth. Again, the intensity curvesof the BCC lattices

(columns two and three) of Figure 6.14 and Figure 6.15, respectively, show less noise than the CC

lattice curves (�rst row in Figure 6.14 and Figure 6.15, respectively) and demonstrate the better

noise suppression of the BCC lattice.

As a quantitive measure of noise suppression we computed the variance in the homogeneous

dark grey region of the SL phantom. The lower the variance the better the noise suppression: Results

are presented in Table 6.5. Both, the BCC 100 and the BCC 70 lattice show lower variance values

and therefore better noise suppression compared to the CC lattice. In the case of the BCC 100 lattice,

the variance is approximately twice as low as for the CC lattice.

6.2.4 Real-World Data Experiments

We demonstrate the feasibility of tomographic reconstruction on BCC lattices using the GPU by

reconstructing a volume from real-world projections. We use projections of a mouse embryo, which

were acquired by the Max-Planck-Institut für molekulare Genetik (Berlin-Dahlem, Germany) using

optical projection tomography (OPT). OPT is a method used to capture objectsof the size of 1 to
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Figure 6.11: RMSE curves for iteration 10 to 30 for three different noiselevels (noiseless, PSNR
32.19, PSNR 22.19) for the BCC 100 and CC lattice. Nearest-neighbor interpolation was used in all
six cases. c
 Eurographics Association 2009; Reproduced by kind permission of the Eurographics
Association [26].

10 mm diameter [48] and is employed for three-dimensional imaging of small biological specimen

with optical light. This has the advantage (compared to other techniques, such as MRI or CT) that

different wavelengths (i.e., color channels) can be captured. Applications of OPT are mainly in the

�eld of molecular biology and include gene-expression analysis, screening of abnormal anatomy

or histology, or pinpointing cells within a tissue. An excellent overview of OPTcan be found in

Sharpe's paper [47].

We used 400 scalar OPT scans of a mouse embryo as projections where each scan has a res-

olution of 471� 696 pixels. Our GPU implementation is able to reconstruct two high-resolution

volumes (449� 663� 449 CC samples and 321� 474� 642 BCC samples) each within less than

one hour (30 iterations). Our reference CPU implementation requires seven days for one volume.

The CPU implementation ran on a system with eight cores (2:33 GHz each) with 64 GB RAM

and uses ray casting in the forward and back-projection. Besides distributing the computation to

several cores, no optimizations such as SIMD instructions or cache miss reduction strategies have
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Figure 6.12: RMSE curves for iteration 10 to 30 for three different noiselevels (noiseless, PSNR
32.19, PSNR 22.19) for the BCC 70 and CC lattice. Nearest-neighbor interpolation was used in all
six cases.

been implemented. By using such optimizations, computation time could be reduced toa couple of

days or hours. However, the cost of several thousand dollars for this system is signi�cantly higher

than the cost of a GPU setup which only requires a standard PC with modern graphics hardware.

There are two reasons for this performance difference. First, the GPUis optimized for fast

texture memory access. Whereas the CPU accesses memory in a ray casting algorithm in a rather

random pattern, the GPU rearranges texture memory for fast sequentialaccess. Second, while the

CPU is a general purpose processing unit, the GPU is a highly parallel working pipeline processor

with a small set of �xed instructions. Volume rendering (and therefore the EM algorithm) can easily

be adapted to this pipeline resulting in an almost optimal deployment of the GPU's resources.

Figure 6.16 shows one projection (OPT scan) and a volume rendering of the mouse embryo

acquired on a BCC lattice of size 321� 474� 642.
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Lattice PSNR Variance
CC 32.19 0.000413
BCC 100 32.19 0.000277
BCC 70 32.19 0.000323
CC 22.19 0.00290
BCC 100 22.19 0.00142
BCC 70 22.19 0.00147

Table 6.5: Variance values for the dark grey homogeneous region in the SL dataset for the two noise
levels (PSNR 32.19 and 22.19). Both BCC lattices (BCC 100 and BCC 70) show lower variance
and therefore better noise suppression. The variance of the BCC 100 lattice is approximately twice
as low as of the CC lattice.
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(a) CC (b) CC: 32.19 (c) CC: 22.19 (d) CC: truth

(e) BCC (f) BCC: 32.19 (g) BCC: 22.19 (h) BCC 100: truth

(i) BCC 100 (j) BCC 100: 32.19 (k) BCC 100: 22.19 (l) BCC 100: truth

(m) BCC 70 (n) BCC 70: 32.19 (o) BCC 70: 22.19 (p) BCC 70: truth

(q) BCC 70 (r) BCC 70: 32.19 (s) BCC 70: 22.19 (t) BCC 70: truth

Figure 6.13: Slices of the reconstructed volumes after 30 iterations with following slice sizes: CC
lattice: 128� 128, BCC 100 lattice: 100� 100, BCC 70 lattice: 91� 91. First row: CC lattice after
reconstruction from (a) noiseless, (b) PSNR 32.19-, and (c) PSNR 22.19-projections. Second and
fourth row: Corresponding slices for the BCC 100 and BCC 70 lattice. Third and �fth row: Upscaled
images of rows two and four. Last column: ground truths. The red and blue lines indicate the
intensity values discussed in Figures 6.14 and 6.15.c
 Eurographics Association 2009; Reproduced
by kind permission of the Eurographics Association [26].
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(k) BCC 100: PSNR 22.19
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(l) BCC 70: PSNR 22.19

Figure 6.14: Intensity values of the red line indicated in Figure 6.13. First column: CC lattice for
(a) noiseless, (g) PSNR 32.19-, and (j) PSNR 22.19-projections. (d) shows the same curve as (a)
but zoomed in. Second and third column: Corresponding curves for the BCC 100 and BCC 70
lattice. The dashed black lines indicate the ground truth sampled on the corresponding lattice. Thus,
the ground truths look different for the three different lattices.c
 Eurographics Association 2009;
Reproduced by kind permission of the Eurographics Association [26].
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(k) BCC 100: PSNR 22.19
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Figure 6.15: Intensity values of the blue horizontal line indicated in Figure 6.13. First column: CC
lattice for (a) noiseless, (g) PSNR 32.19-, and (j) PSNR 22.19-projections. (d) shows the same curve
as (a) but zoomed in. Second and third column: Corresponding curves for the BCC 100 and BCC
70 lattice. The dashed black lines indicate the ground truth sampled on the corresponding lattice.
Thus, the ground truths look different for the three different lattices.
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(a) (b)

Figure 6.16: (a): One projection (OPT scan) of the mouse embryo. (b): Volume rendering of the
mouse embryo dataset that was acquired from 400 OPT scans on a BCC lattice of size 321� 474�
642. Red areas indicate the densest tissue.c
 Eurographics Association 2009; Reproduced by kind
permission of the Eurographics Association [26].
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Conclusions

In this thesis, we have elaborated on two major areas related to the �eld of visualization: We com-

pared the BCC lattice to the traditional CC lattice in the areas of volume rendering as well as com-

puted tomography.

To pave the way for a more wide-spread use of the BCC lattice for volume rendering, we have

demonstrated the feasibility of box splines on the BCC lattice for interactive volume rendering. Two

key ideas lead us to our results: a) converting the box spline from its B-form into its pp-form and b)

reducing the required branching to a minimum. Using discrete pre�ltering, volumetric data stored

on BCC lattices can be rendered with box splines. Box splines show signi�cant improvements in

terms of image quality compared to Csébfalviet al.'s method [16] and traditional B-spline �ltering

for the CC lattice while maintaining competitive frame rates.

While our method of evaluating box splines on current graphics hardwareis not the fastest

method, it is important for two reasons: a) the quintic box spline is the most accurate way of re-

constructing BCC data using a compact kernel; b) current graphics hardware favors CC lattices, but

next generation graphics hardware may evolve in such a way that BCC lattices can improve their

relative performance [46]. We did show that box splines are superior when removing the advantage

of special circuitry that favors CC lattices (i.e., when using NN lookups).

In the area of CT, we have established in a mathematical and empirical way the connection

between the discrete EM algorithm and the continuous-domain volume rendering framework via

nearest-neighbor interpolation. This contradicts the intuition that higher-order �lters deliver higher

accuracy; i.e., for the EM algorithm to work best with volume rendering techniques, one has to use

nearest-neighbor interpolation. Higher-order reconstruction �lters are incompatible.

Furthermore, we have demonstrated that volumetric reconstruction on the BCC lattice is more
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accurate and better suited for noise suppression than traditional reconstruction on CC lattices. The

advantage of our method is that the acquired projections are still on 2D Cartesian lattices and there-

fore acquisition devices do not need to be changed.

In combination, these results open the possibility to a more wide-spread use ofoptimal sampling

lattices in the areas of computed tomography and volume rendering. Direct data reconstruction on

BCC lattices makes resampling from CC lattices into BCC lattices unnecessary andthe optimal

sampling properties of the BCC lattice can be leveraged.



Chapter 8

Future Work

In the context of volume rendering, it is interesting to further investigate the possibilities of using

trilinear interpolation texture lookups for box splines to increase renderingspeed. Other possibilities

are the design and simulation of a graphics processing unit supporting BCClattices with special

purpose units for box splines or using new more �exible rendering pipelines such as the Larrabee

architecture [46].

Another issue is image quality when using discrete pre�ltering; i.e., one could integrate a regu-

larizer in the pre�ltering step in order to introduce a controllable smoothing factor which we believe

will improve reconstruction quality in the presence of noise. Tomographic reconstruction could also

bene�t from these ideas as noise reduction plays a crucial role.

In the context of CT, we employed the EM algorithm in its simplest form; i.e. we constrained

ourselves to the effects of light emission and photon detection. However, tomographic reconstruc-

tion involves further physical processes such as scatter correction, collimator blur, or attenuation

correction. We assume that nearest-neighbor interpolation will also improveresults because of its

fundamental connection to the EM algorithm. The investigation of these effectsare subject to future

work.

Furthermore, an investigation of the possibilities of extending the EM algorithm for higher-order

reconstruction kernels by matching the forward projection and back-projection step for arbitrary

reconstruction kernels has not been performed yet. This could allow forthe use of the advantages of

higher-order reconstruction kernels for CT.
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GLSL Shader Code

*
Variables needed

* /

/ *
Let nx, ny, nz be the size of the BCC texture:

* /

uniform float nx, ny, nz;

vec3 size_volume = vec3 (2 * nx-1, 2 * ny-1, nz-1);

vec3 oneOverVoxels = vec3 (1.0/(nx-1.0),

1.0/(ny-1.0),

1.0/(nz-1.0));

// conversion between 3D coordinates and texture index

vec3 convert = vec3 (0.5, 0.5, 1.0);

/ *
Nearest Neighbor Interpolation

Input: vec3 pos scaled to [0,1]^3 (texture coordinates)

* /
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float BCC_NN (vec3 pos)

{

vec3 half = pos * size_volume * 0.5;

vec3 NN1 = floor (half + vec3(0.5,0.5,0.5));

vec3 NN2 = floor (half) + vec3(0.5,0.5,0.5);

vec3 diff = NN1 - NN2;

float dist = dot (half - NN2, diff);

if (dist < 0.375)

NN1 = NN2;

NN1.z * = 2;

return texture3D (tex, (floor (NN1)) * oneOverVoxels);

}

/ *
Linear Box Spline

Input: vec3 pos scaled to [0,1]^3 (texture coordinates)

* /

float BCC_Linear (vec3 pos)

{

vec3 P1, P2, P3, P4;

float D1, D2, D3, D4, mymin, mymid, mymax;

vec3 posOS = pos * size_volume;

vec3 abc = vec3 (posOS.x+posOS.y,

posOS.x+posOS.z,

posOS.y+posOS.z) * .5;

// truncate this point which results

// in the first of the four neighbors
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vec3 floors = floor (abc);

// truncation: we shift p into the origin

// of the BCC coordinate system

abc = abc - floors;

// transform the first neighbor back to

// the Cartesian coordinate system

P1 = vec3 (floors.x+floors.y-floors.z,

floors.x-floors.y+floors.z,

-floors.x+floors.y+floors.z);

// the second neighbor is found immediately

P2 = P1 + vec3(1.0, 1.0, 1.0);

// assume case: mymax = alpha

P3 = P1 + vec3(1.0, 1.0, -1.0);

// assume case: mymin = gamma

P4 = P1 + vec3(2.0, 0.0, 0.0);

// sorting

vec4 sorting = vec4 (1.0, 0.0, 0.0, 0.0);

sorting.y = max (abc.x, max (abc.y, abc.z));

sorting.z = min (abc.x, min (abc.y, abc.z));

sorting.w = (abc.x + abc.y + abc.z) - sorting.y - sorting.z;

// get the missing two neighbors

P3 += ((sorting.y==abc.y) * vec3(0.0,-2.0,2.0)

+ (sorting.y==abc.z) * vec3(-2.0,0.0,2.0));

P4 += ((sorting.z==abc.x) * vec3(-2.0,0.0,2.0)

+ (sorting.z==abc.y) * vec3(-2.0,2.0,0.0));

// four texture lookups

D1 = texture3D (tex, (floor (P1 * convert)) * oneOverVoxels);

D2 = texture3D (tex, (floor (P2 * convert)) * oneOverVoxels);
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D3 = texture3D (tex, (floor (P3 * convert)) * oneOverVoxels);

D4 = texture3D (tex, (floor (P4 * convert)) * oneOverVoxels);

// interpolate using barycentric coordinates

vec4 values = vec4 (D1, D3-D1, D2-D4, D4-D3);

return dot (sorting, values);

}

#define one_over_6 0.16666666666666666

#define two_over_24 0.083333333333333329

#define six_over_120 0.05

#define BCC2CC(index3D,x0,y0,z0) \

index3D = floor(vec3(x0 * 0.5, y0 * 0.5, z0));

#define FILL_PPIPED(p0,p1,p2,p3,p4,p5,p6,p7,Q) { \

BCC2CC(index3D,x0,y0,z0) \

p0 = texture3D (tex, (index3D) * oneOverVoxels); \

BCC2CC(index3D,(x0-(Q.x)),(y0+(Q.y)),(z0+(Q.z))) \

p1 = texture3D (tex, (index3D) * oneOverVoxels); \

BCC2CC(index3D,(x0+(Q.x)),(y0-(Q.y)),(z0+(Q.z))) \

p2 = texture3D (tex, (index3D) * oneOverVoxels); \

BCC2CC(index3D,(x0+(Q.x)),(y0+(Q.y)),(z0-(Q.z))) \

p3 = texture3D (tex, (index3D) * oneOverVoxels); \

BCC2CC(index3D,(x0+2 * (Q.x)),y0,z0) \

p4 = texture3D (tex, (index3D) * oneOverVoxels); \

BCC2CC(index3D,x0,(y0+2 * (Q.y)),z0) \

p5 = texture3D (tex, (index3D) * oneOverVoxels); \

BCC2CC(index3D,x0,y0,(z0+2 * (Q.z))) \

p6 = texture3D (tex, (index3D) * oneOverVoxels); \

BCC2CC(index3D,(x0+(Q.x)),(y0+(Q.y)),(z0+(Q.z))) \

p7 = texture3D (tex, (index3D) * oneOverVoxels); \
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}

#define RHO_FAST(alpha,beta,gamma) \

-alpha3 * (gamma* beta-0.5 * alpha * (gamma+beta)+0.3 * alpha2);

#define RHO22(A, B, G) (-((A) * (A)) * (A) \

* (one_over_6 * (G) * (B)-two_over_24 * (A) \

* ((G)+(B))+six_over_120 * ((A) * (A))))

#define CONV_PPIPED(value,pa,pb,alpha,beta,gamma) { \

float p123 = pa[1] + pa[2] + pa[3]; \

float p0 = 4.0 * pa[0]; \

float alpha2 = alpha * alpha; \

float alpha3 = one_over_6 * alpha2 * alpha; \

float base_rho = RHO_FAST(alpha,beta,gamma); \

float base_rho2 = base_rho - 0.5 * alpha3 * alpha; \

value += (-2.5 * p0+4.0 * (p123)-2.0 * (pb[0]+pb[1]+pb[2])+pb[3]) \

* base_rho; alpha2 = base_rho2 + alpha3 * beta; \

base_rho2 += alpha3 * gamma; \

value += (p0-2.0 * (p123-pa[1])+pb[0]) * (alpha2) \

+ (p0-2.0 * (p123-pa[2])+pb[1]) * (base_rho2) \

+ (-.5 * p0+pa[3]) \

* (base_rho2 + alpha2 - alpha3 - base_rho); \

alpha -= 1.0; alpha2 = beta * beta; \

alpha3 = one_over_6 * alpha2 * beta; \

base_rho = RHO_FAST(beta, gamma, alpha); \

value += (p0-2.0 * (p123-pa[3])+pb[2]) \

* (base_rho); p0 = -.5 * p0; \

value += (p0+pa[2]) * (base_rho + alpha3 * (alpha - .5 * beta)) \

+ (p0+pa[1]) * RHO22(gamma, alpha, beta-1.0) + (-.5 * p0) \

* RHO22(alpha, beta-1.0, gamma-1.0); \

}
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/ *
Quintic Box Spline

Input: vec3 pos scaled to [0,1]^3 (texture coordinates)

* /

float BCC_Quintic (vec3 pos)

{

// convert point into tetrahedron of focus

vec3 posOS = pos * size_volume;

vec3 bcc_coords = vec3 ((posOS.x+posOS.y),

(posOS.x+posOS.z),

(posOS.y+posOS.z)) * 0.5;

float alpha = bcc_coords.x;

float beta = bcc_coords.y;

float gamma = bcc_coords.z;

vec3 floors = floor (bcc_coords);

alpha = alpha - floors.x;

beta = beta - floors.y;

gamma = gamma - floors.z;

float x1, y1, z1;

// P1 = (x0, y0, z0)

float x0 = x1 = floors.x+floors.y-floors.z;

float y0 = y1 = floors.x-floors.y+floors.z;

float z0 = z1 = floors.y+floors.z-floors.x;

vec3 index3D;

vec4 p1a, p1b, p2a, p2b, p3a, p3b, p4a, p4b;
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vec3 Q1, Q2, Q3, Q4;

vec3 P2, P3, P4;

// variables needed for the sorting

float alpha_GE_beta = alpha >= beta;

float beta_GE_gamma = beta >= gamma;

float alpha_GE_gamma = alpha >= gamma;

float mymax, mymid, mymin;

// sorting

mymax = max (alpha, max (beta, gamma));

mymin = min (alpha, min (beta, gamma));

mymid = (alpha + beta + gamma) - mymax - mymin;

float i = (alpha_GE_beta * 4.0

+ beta_GE_gamma* 2.0

+ alpha_GE_gamma);

vec3 I1 = equal (vec3(i,i,i), vec3(7,5,4));

vec3 I2 = equal (vec3(i,i,i), vec3(3,2,0));

// determine neighbors and offsets

P2 = vec3 (1.0, 1.0, 1.0);

Q1 = vec3(-1.0, -1.0, -1.0);

P3 = vec3(1,1,-1);

P3 += (I1.z+I2.z) * vec3(-2,0,2) + (I2.x+I2.y) * vec3(0,-2,2);

P4 = vec3(2,0,0);

P4 += (I1.y+I1.z) * vec3(-2,2,0) + (I2.y+I2.z) * vec3(-2,0,2);
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Q2 = vec3(-1,1,1);

Q2 += (I1.y+I1.z) * vec3(2,-2,0) + (I2.y+I2.z) * vec3(2,0,-2);

Q4 = vec3(1,-1,1);

Q4 += (I1.y+I2.y) * vec3(-2,2,0) + (I1.z+I2.x) * vec3(0,2,-2);

Q3 = P3;

// 32 texture lookups

FILL_PPIPED(p1a[0], p1a[1], p1a[2], p1a[3],

p1b[0], p1b[1], p1b[2], p1b[3], Q1);

x0 = x1+P2.x; y0 = y1+P2.y; z0 = z1+P2.z;

FILL_PPIPED(p2a[0], p2a[1], p2a[2], p2a[3],

p2b[0], p2b[1], p2b[2], p2b[3], Q2);

x0 = x1+P3.x; y0 = y1+P3.y; z0 = z1+P3.z;

FILL_PPIPED(p3a[0], p3a[1], p3a[2], p3a[3],

p3b[0], p3b[1], p3b[2], p3b[3], Q3);

x0 = x1+P4.x; y0 = y1+P4.y; z0 = z1+P4.z;

FILL_PPIPED(p4a[0], p4a[1], p4a[2], p4a[3],

p4b[0], p4b[1], p4b[2], p4b[3], Q4);

// according to the 6 possible cases

// we have to permute the data points

vec4 p1a_r = I1.x * p1a + I1.y * p1a.xzyw + I1.z * p1a.xzwy

+ I2.x * p1a.xywz + I2.y * p1a.xwyz + I2.z * p1a.xwzy;

vec4 p1b_r = I1.x * p1b + I1.y * p1b.yxzw + I1.z * p1b.yzxw

+ I2.x * p1b.xzyw + I2.y * p1b.zxyw + I2.z * p1b.zyxw;

vec4 p2a_r = I1.x * p2a.xwzy + I1.y * p2a.xwyz + I1.z * p2a.xywz

+ I2.x * p2a.xzwy + I2.y * p2a.xzyw + I2.z * p2a;

vec4 p2b_r = I1.x * p2b.zyxw + I1.y * p2b.zxyw + I1.z * p2b.xzyw

+ I2.x * p2b.yzxw + I2.y * p2b.yxzw + I2.z * p2b;

vec4 p3a_r = I1.x * p3a.xwzy + I1.y * p3a.xwyz + I1.z * p3a.xywz

+ I2.x * p3a.xzwy + I2.y * p3a.xzyw + I2.z * p3a;
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vec4 p3b_r = I1.x * p3b.zyxw + I1.y * p3b.zxyw + I1.z * p3b.xzyw

+ I2.x * p3b.yzxw + I2.y * p3b.yxzw + I2.z * p3b;

vec4 p4a_r = I1.x * p4a + I1.y * p4a.xzyw + I1.z * p4a.xzwy

+ I2.x * p4a.xywz + I2.y * p4a.xwyz + I2.z * p4a.xwzy;

vec4 p4b_r = I1.x * p4b + I1.y * p4b.yxzw + I1.z * p4b.yzxw

+ I2.x * p4b.xzyw + I2.y * p4b.zxyw + I2.z * p4b.zyxw;

// do the convolution. Before each CONV_PPIPED call

// mymin, mymid and mymax are used to transform

// each parallelepiped and tetrahedron of focus.

float result = 0.0;

alpha=mymax-1.0; beta=mymid-1.0; gamma=mymin-1.0;

CONV_PPIPED(result, p1a_r, p1b_r, alpha, beta, gamma);

alpha=-mymin; beta=mymax-mymin-1.0; gamma=mymid-mymin -1.0;

CONV_PPIPED(result, p2a_r, p2b_r, alpha, beta, gamma);

alpha=(-mymax+mymid); beta=(-mymax+mymin); gamma=(-my max);

CONV_PPIPED(result, p3a_r, p3b_r, alpha, beta, gamma);

alpha=(-mymid+mymin); beta=(-mymid); gamma=(mymax-mym id-1.0);

CONV_PPIPED(result, p4a_r, p4b_r, alpha, beta, gamma);

return result;

}
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